MODULI CURVES OF SUPERSINGULAR A3 SURFACES 
IN CHARACTERISTIC 2 WITH ARTIN INVARIANT 2 



ICHIRO SHIMADA 
Dedicated to Professor Igor V. Dolgachev for his 60th birthday 

Abstract. We construct explicitly moduli curves of polarized supersingular 
K3 surfaces in characteristic 2 with Artin invariant 2. As an application, we 
detect a "jump" phenomenon in a family of automorphism groups of supersin- 
gular K3 surfaces with a constant Neron-Severi lattice. 



1. Introduction 

A A3 surface is called supersingular if its numerical Neron-Severi lattice is of 
rank 22. Supersingular A3 surfaces exist only in positive characteristics. Artin 
showed in pQ that, in characteristic p > 0, the discriminant of the numerical Neron- 
Severi lattice of a supersingular A3 surface A is of the form ~p 2a ( x \ where a{X) 
is a positive integer < 10. This integer a(X) is called the Artin invariant of X. 

We work over an algebraically closed field k of characteristic 2. 

Definition 1.1. Let A be a supersingular A3 surface, and let £ be a line bundle 
on A with £ 2 = 2. We say that £ is a polarization of type (jj) if the following 
conditions are satisfied: 

• the complete linear system |£| has no fixed components, and 

• the set of curves contracted by the morphism $i£j : A — * P 2 defined by |£| 
consists of 21 disjoint (— 2)-curves. 

In |1()| . we have shown that every supersingular A3 surface A in characteristic 
2 has a polarization of type (jj), and that, if £ is a polarization of type (jj) on 
A, then the morphism $i£j is purely inseparable. In [TJJ, we have constructed a 
9-dimensional moduli space DJl of polarized supersingular A3 surfaces of type (jj). 
In this paper, we investigate the locus SUI2 of 9Jt corresponding to supersingular A3 
surfaces with Artin invariant 2. As Artin 1 showed, this locus is of dimension 1. 
We will show that the curve is a disjoint union of three affine lines punctured 
at the origin. We will also construct explicitly the universal family of polarized 
supersingular A3 surfaces over certain finite covers of these punctured affine lines. 
The construction involves investigations of configurations of lines and conies on the 
projective plane in characteristic 2. These configurations are encoded by certain 
binary codes. In order to construct the moduli curve, we have to determine the 
automorphism groups of these codes. The automorphism group of the polarized A3 
surface is also obtained from the automorphism group of the corresponding code. 
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Let us briefly review the construction of the moduli space Wl in For a 

non-zero homogeneous polynomial G € H°(P 2 , Of a (6)) of degree 6, we denote by 

n G :Y G ^ P 2 

the purely inseparable double cover of P 2 defined by W 2 — G(X, Y, Z). 

Definition 1.2. Let U denote the locus of all non-zero homogeneous polynomials 
G € H°(P 2 , Op2 (6)) such that the surface Yq has 21 ordinary nodes as its only 
singularities. 

The locus U is Zariski open dense in H°(P 2 , Of 2 (6)). Indeed, in characteris- 
tic 2, the differential dG of G can be defined as a global section of f2 p2 (6) for 
any homogeneous polynomial G £ H°(¥ 2 , C P 2 (6)), because, by the isomorphism 
Op2(6) = 0p2(3)® 2 , we can assume that the transition functions of the line bundle 
corresponding to 0^2(6) are all squares. Since C2(^p 2 (6)) = 21, the subscheme 
Z(dG) defined by dG — is reduced of dimension if and only if it consists of 21 
points. The singular locus Single) of Yg is equal to n^, 1 (Z(dG)), and the singular 
point of Yq lying over a reduced point of Z(dG) is an ordinary node. Hence the 
condition that G be a point of U is equivalent to the open condition that Z(dG) be 
reduced of dimension 0. 

Let (X, C) be a polarized supersingular K3 surface of type (ft). Then there 
exists a homogeneous polynomial G €U such that the Stein factorization of <£>|£ 
is written as 

X Y G ^ P 2 . 

Conversely, suppose that we are given G S IA. Let p G : Xq — > Yq be the minimal 
resolution of the surface Yq. Then Xq is a supersingular K3 surface, and the 
invertible sheaf 

£g := (?tg o p G )*C P 2(l) 

on Xq is a polarization of type (jj). 
We put 

V := iJ°(P 2 ,C P 2(3)). 

Because we have d(G -I- H 2 ) — dG for any H € V, the additive group V acts on the 
space U by 

{G,H)eUxV i-> G + H 2 eU. 

Proposition 1.3. Let G and G' be homogeneous polynomials in hi. Then the 
following conditions are equivalent: 

(i) Yq and Yqi are isomorphic over P 2 ; 

(ii) Z(dG) = Z{dG'), and 

(iii) there exist c e k x and H e V such that G' — cG + H 2 . 
See 32 for the proof. 

Therefore the moduli space 9Jt of polarized supersingular K3 surfaces of type (jj) 
is constructed by 

Wl — PGL(3, fc)\P*(W/V). 

For G 6W, let [G] denote the point of 9Jt corresponding to G, which corresponds to 
the isomorphism class of the polarized supersingular K3 surface (Xq,Cg) of type 
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(U). By Proposition 11.31 the automorphism group Aut (Xq,Cg) of the polarized 
supersingular K3 surface is canonically identified with 

{gePGL(3,k) | g(Z(dG)) = Z(dG)}. 

The moduli space 971 is stratified by the Artin invariant <j{Xq) of Xq- We put 

97t CT := { [G] e 971 | a(X G ) = a } and 97t< CT := { [G] e 971 | cx(X G ) < a }. 

As was shown in the locus 9Jt<i = 971 1 consists of a single point [Gdk], 
where 

G DK := XYZ(X 3 + Y 3 + Z 3 ) 

is the homogeneous polynomial discovered by Dolgachev and Kondo in The 
points Z(cIGbk) coincide with the F4-rational points of P 2 , and hence the group 
Aut (Xq dk , Hq dk ) is equal to PGL(3,¥4). We call [Gdk] the Dolgachev-Kondo 
point. 

Now we can state our main results. 

Theorem 1.4. The locus 97t<2 is a union of three irreducible curves 9JIa, 9Hb and 
9Hc- In 971, they are situated in such a way that, set-theoretically, 

971 A D Ms = Mb n M c = M c n 97U = {[Gdk]}- 

For T = A, B and G, we put 

97t T :-971 t \{[Gdk]}. 

Hence 9712 is the disjoint union of 971,4 , 971_b and 97lc- 

Theorem 1.5. For T = A, B and C , the curve 971t is isomorphic to an affine line 
punctured at the origin. 

We will describe the curves 97tr more explicitly. Let u> S F4 be a primitive third 
root of unity, and let Q be u> + 1 = lo 2 . 

Theorem 1.6. Let Ta be the group 

r, . , 1 1 A A + l-i 

acting on the punctured X-line A 1 \ {0, 1} = SpecfcfA, 1/A(A + 1)]. We put 

_ (A 2 + A + l) 3 
A: ~ A 2 (A + 1) 2 

so that k [A, 1/A(A + l)] r ' 4 = /c[Ja] holds. We also put 

GA{\] := XYZ (X + Y + Z) (X 2 + Y 2 + (A 2 + \) Z 2 + XY + YZ + ZX) . 

Then there exists an isomorphism 

97t A ^ Specfc[J A , 1/J A ] 

such that the family W 2 — GA[X] of sextic double planes over the finite Galois cover 
A 1 \ {0, 1, u>, uj} = Spec fc[A, 1/(A 4 + A)] of the moduli curve 971a yields the universal 
family of polarized supersingular K3 surfaces. The points Z(dGA[X\) are given in 
Table \4-7\ The origin J a = corresponds to the Dolgachev-Kondo point. 
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For a £ k\ {0, l,u),u)}, Aut(XGA[a]> ^GA[a\) is equal to the group 



(1.1) 
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so that k [A, 1/A(A + 1)(A + ui)] B = k[Js] holds. Then there exists an isomorphism 

Wl B = Spec k[J B , I /J b ] 

such that the family W 2 = GB[X] of sextic double planes over the finite Galois cover 
A 1 \ {0, 1, ul, uj} — Spec k[X, 1/(A 4 + A)] of the moduli curve VJIb yields the universal 
family of polarized super singular K 3 surfaces. The points Z(dGB[X]) are given in 
Table l5"5l The origin Jb — corresponds to the Dolgachev-Kondo point. 

For any a G k \ {0,l,ui,ui}, Aut(XGB[a], CcB[a]) is equal to the subgroup of 
PGL(3, k) generated by 



(1.2) 



In particular, K\xt{XQB[a], £gb[u]) is isomorphic to the extended Heisenberg group 
of order 18. 

Theorem 1.8. Let Tc be the group 

{aX + 13 | aGF 4 x ,/3GF 4 } 

of order 12 acting on the X-line A 1 = k[X}. We put 

J c := (A 4 + A) 3 

so that k[X] rc = k[Jc] holds. We also put 

GC[X] := XYZ (X 3 + Y 3 + Z 3 ) + (A 4 + X)X 3 Y 3 . 

Then there exists an isomorphism 

Wi c = Spec k[J c , 1 /Jc] 

such that the family W 2 = GC[X] of sextic double planes over the finite Galois cover 
A 1 \ {0, 1, ui, ui} = Spec k[X, 1/(A 4 + A)] of the moduli curve 9Jt<7 yields the universal 
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family of polarized supersingular K3 surfaces. The points Z(dGC[X]) are given in 
Table The origin Jc = corresponds to the Dolgachev-Kondo point. 
For a € k \ {0, 1, oj, u>}, Aut(XQc[ a ]i ^gcm) * s equal to 

(1.3) 
of order 960. 

Next we consider the isomorphism classes of non-polarized supersingular K2> 
surfaces with Artin invariant 2. 

Definition 1.9. A reduced (possibly reducible) curve D in DJIt x VJIt' is called a 
correspondence between 9Jtr and 9JIt<. For a correspondence D C SCTt x 9JIt<, let 
'D denote the correspondence in WIt> x 9JIt obtained from D by interchanging the 
first and the second factors. When D is & union of two curves D\ and D 2 without 
common irreducible components, we write D = D\ + D 2 and D 2 = D — D\. Let 
D\ C Wtr x WIt> and D 2 C 97tr' x 2%-" be correspondences. The composite 
D\ * D2 C 9Kt x Mt" of D\ and Z?2 is defined to be the image of 

(Di x $H T ») n (®t T xfl 2 ) c OT T x OT T ' x m T " 

by the natural projection to VJIt X 9JIt" ■ 

Definition 1.10. A correspondence £> in 3JIt X SOTt' is called an isomorphism 
correspondence if, for every point QG], [G 1 ]) of D, the supersingular ii"3 surfaces Xq 
and Ac (without polarization) are isomorphic. An isomorphism correspondence 
D C WIt x WIt> is said to be trivial if T is equal to T' and D is the diagonal At 

of 9ji t x m T . 

Using Cremona transformations by quintic curves, which played a central role 
in the study of Aut(Xc DK ) in 0, we have obtained examples of non- trivial isomor- 
phism correspondences. 

Definition 1.11. Let G be a homogeneous polynomial in U. We say that a subset 
£ C Z(dG) of cardinality 6 is a center of Cremona transformation for (Xg,Cg) or 
for G if S satisfies the following conditions: 

• no three points of £ are collinear, and 

• for each G S, there exists a conic curve AT' c P 2 such that iV,' PI Z(dG) = 

£\fe}. 

Note that the conic curve N[ is necessarily nonsingular. 

Let E = {pi, . . . ,pe} be a center of Cremona transformation for {Xq, Cq)- Con- 
sider the linear system |X|(5)| C |Cpa (5) | of quintic curves that pass through all 
the points of £ and are singular at each point of £. Then |2s(5)| is of dimension 
2, and defines a birational map 

CT E : P 2 > P 2 . 

The birational map CTs is the composite of the blowing up j3 : S — > P 2 of the 
points of £ and the blowing down (3' : S — > P 2 of the strict transforms JVj of the 
conic curves N-. We denote by p- the image of N% by Note that, if p £ P 2 \ £, 
then the point CT s (p) S P 2 is well-defined. 



a 6 

c d 

a 2 c 2 a + e b 2 d 2 a + f 1 



S PGL{3,k) 



a, b, c, d, e, / G F4. 
ad + be = 1 
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Proposition 1.12 (Dolgachcv-Kondo 5 ). We put 

Z' := {CT E (p) | P eZ(dG)\V} U {p[,...,p' 6 }. 

Then there exists a homogeneous polynomial G G U such that Z' = Z(dG'). The 
birational map o/P 2 lifts to an isomorphism 

CT S : X G — > X G , 

of supersingular K2> surfaces. 

See also SjBlof this paper for the proof of Proposition ll.121 Note that the polyno- 
mial G' is not uniquely determined, but the point [G'\ G 9Jt is uniquely determined 
by G and S. We call CTs the Cremona transformation of X G with center S. 

Let The A, B or C. As Tables E~3E3] and E3 show, the family 

{(p,A) | p G Z(dGT{\}) } c P 2 x (A 1 \ {0, 1, uj, iD}) 

of the points Z(dGT[X\) consists of 21 connected components, each of which is etale 
of degree 1 over the punctured A-line A 1 \ {0, 1, oj, to}. Therefore it makes sense to 
talk about a family £[A] of subsets of Z(dGT[X\) that depends on A continuously. It 
can be shown that, if is a center of Cremona transformation for GT[a] at one 
a e k \ {0, 1, oj, a;}, then so is at every a S k\ {0, 1, cj, uj}. In this case, we say 
that E[A] is a center of Cremona transformation for GT[A] or for (X GT [x], £gt[\])- 

Suppose that S[A] is a center of Cremona transformation for GT[A]. Then there 
exist a family G' [A] of homogeneous polynomials in U and a family of isomorphisms 

CT S [ A ] : X GT ^x] — > X G ,^x] 

depending on the parameter A. The points [G'[A]] are of course contained in 9JI2 = 
l/iUSMjjUlc. Suppose that [G'[A]] G OT T '- Then the curve 

{([GT[X}},[G'[X}})eTt T xTl T , | A G A 1 \ {0, 1, w, uj} } 

is an irreducible isomorphism correspondence between DJIt and $Ht' • 

Theorem 1.13. (1) There exist 1644 centers of Cremona transformation for the 
family (X G a[x],£-GA[\])- They yield the following isomorphism correspondences: 

• 156 of them give the trivial correspondence Aa, 

• 144 of them give the correspondence 

Da,a,i ■ 1 + JaJ'a + Ja 2 J'a 2 + Ja 2 J'a 3 + Ja'J'a = 

m Wl A x Tl A , 

• 720 of them give the correspondence 

Da.a.i := D a ,a,i* Da.a.i- A a C Wl A x Ma, 

• 576 of them give the correspondence 

Da,ba ■ Jb + J a Jb + J a Jb 2 + Ja 2 Jb + Ja = 

m Wl A x Mb, 

• 48 of them give the correspondence 

Da.c.i '■ Jc + Ja + Ja Jc + Ja 2 Jc + Ja A Jc 2 = 
in Wl A x Tl c . 

(2) There exist 1374 centers of Cremona transformation for (X GB ^x\, £gb[\])- They 
yield the following isomorphism correspondences: 
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1 


rpl 
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name 


the equation 


A 


A 


Da,a,i 


J a 3 J'a 2 + J a 2 J'a + Ja 2 J'a 2 + Ja J'a + 1 


A 


A 


Da,A,2 


Ja 6 J'a 2 + Ja^J'a^ + J a 2 J'a + Ja^J'a + Ja 3 J'a^ + J a 4 J'a + 

T 3 7/ 3 i t2t/4, j4t/ I t t/4. 7 3 7/ i 72 7/ 2, 7 T/3| 

J A J^ + JA J>1 + JA Jyt + JAJyi + JA J^ + Ja J^ + J A J A + 

. T A — 1— . / /I . T A — I— . Z .4 . Z',i — I— . /'j 

,J A i u A u A ' u A. u A ' A 
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B 


1 J R R 1 


• Zr^ , Tri ~ \~ ,T , Tri ~ \~ ./r^./Ii — 1— ,/r ,/C-> "I - »/r*^ »/t-> - 1 - f /r ^ »/t-> — I - j/r >T ri^ ~ \~ 1 


C 


C 


Dc,c,i 


Jc^ Jc^ + Jc^ Jc ^ Jc 2 J'c 2 Jc J'c^ + Jc^ + Jc^J'c^Jc J'c 1 ^ J'c* 


A 


B 


Da,b,i 


t4 T 2 7 772 7 7 7 

Ja + Ja Jb + Ja Jb + Ja J_b + Jb 
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B 


Da,B,2 


Ja 6 Jb + Ja 5 Jb + Ja 4 Jb 2 + Ja 3 Jb 3 + Ja 4 Jb + Ja 2 Jb 2 + Ja 2 Jb + 
JaJb + 1 


B 
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Db,c,i 


JbJc + 1 
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C 


Db,C,2 


Jb 4 Jc 3 + Jb 3 Jc 3 + Jb 3 Jc 2 + Jb 2 Jc 2 + Jc 4 + Jb 2 Jc + Jb Jc + Jb 


C 


A 


Dc,a,i 


Jc 2 Ja a + Jc Ja 2 + Jc Ja + Jc + Ja 


C 


A 


Dc,A,2 


Jc 2 Ja + Jc 2 Ja 5 + Jc 2 Ja a + Jc Ja 4 + Jc 2 Ja 2 + Jc 3 + Jc 2 Ja + 
Jc Ja 2 + Ja 3 



Table 1.1. Non-trivial irreducible isomorphism correspondences 



• 798 of them give the trivial correspondence Ab , 

• 216 of them give the correspondence 

d b ,a,i ■■= 1 d a ,b,i c m B x m A , 

• 360 of them give the correspondence 

D b ,b,i := Db,a,x * Da,b,i - A B c Wl B x M B - 

(3) There exist 2224 centers of Cremona transformation for (^gc[a]> £gc[a])- They 
yield the following isomorphism correspondences: 

• 1200 of them give the trivial correspondence Ac, 

• 960 of them give the correspondence 

D C ,AS ■= *^a,c,i C Mc x Wl A , 

• 64 o/ i/iem give i/ie correspondence 

Dc,c,i ■= Dc.aa * D A ,c,i - A c c M c x 3Jl c . 

Starting from the isomorphism correspondences by Cremona transformation 
above, making transposes and composites, and taking irreducible components, 
we obtain non-trivial irreducible isomorphism correspondences given in Table HJl 
When T ^ T', we denote by Dt',t,v the correspondence t DT,T< .v for v = 1 and 2. 
They have the relations in Table 15751 at the end of [JS1 

Question 1.14. Are there any non-trivial irreducible isomorphism correspondences 
other than the ones in Table H~T1 and their transposes? 
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The Cremona transformations that yield the trivial isomorphism correspondence 
are also interesting, because they give automorphisms of the supersingular K3 
surface X that may not be contained in Aut(X, £). See Remark |7. 121 

Observation 1.15. Consider a Cremona transformation CTe on (Xqa[X]> £ga[\]) 
that yields the non-trivial isomorphism correspondence Da,A,x- The curve -0^,^4,1 
intersects the diagonal at two points (Ja,J'a) — and {uj,lu). Let r\ be an 

element of k such that the J^-invariant of {Xqa[ v ], Cga[ti]) is w or that is, r\ is 
a root of 

(A 4 + A 3 + 1)(A 4 + A + 1)(A 4 + A 3 + A 2 + A + 1) = 0. 

The Cremona transformation CTs gives rise to an automorphism of Xqawj], which 
cannot be deformed to any automorphisms of Xqa\\\ for a generic A. In other 
words, the automorphism group A.\xt{X.QA[\]) of the non-polarized supersingular 
K3 surface Xqa[\] jumps at A = 77, even though the numerical Neron-Severi lattice 
of X GA [\] is constant around A = 77. Note that the automorphism group of a super- 
singular K3 surface is always embedded into the orthogonal group of its numerical 
Neron-Severi lattice (0 §8, Proposition 3]). 

The plan of this paper is as follows. In we recall from the definition 
of the binary code associated with a polarized supersingular K3 surface of type 
(jj). We stratify the moduli space 371 according to the isomorphism classes [C] 
of the codes, and give a method to construct the stratum Wl\c] from the code 
C. In we present three isomorphism classes [Ca], [Cb] and [Cc] of codes 
that arc associated with polarized supersingular K3 surfaces of type Qj) with Artin 
invariant 2. In jg| gjand we carry out the method of the construction of SSTtrci 
for C = Ca,Cb and Cc, and prove Theorems 11.61 ITTl and 1 1 . 8l respectively. In 
jJ3 we review from the theory of Cremona transformations by quintic curves. In 
jJHJ we explain the algorithm to calculate the isomorphism correspondences given 
by Cremona transformations, and prove Theorem 1 1.1 31 

The isomorphism classes of codes associated with polarized supersingular K3 
surfaces of Artin invariant a > 3 are also given in For a = 3, there are 13 

isomorphism classes, and for a = 4, there are 41 isomorphism classes. It would be 
a challenging problem in computational algebraic geometry to construct explicitly 
the moduli spaces of dimension a — 1 corresponding to these isomorphism classes 
of codes, and to investigate the relations between them. 

In 0, Rudakov and Shafarevich gave explicitly families of supersingular K3 
surfaces in characteristic 2 for Artin invariants a = 1, . . . , 10. The equation of the 
family for a — 2 is 

y 2 =x 3 +fit 6 x + t 5 (t + l) 4 , 

where fj, is the "modulus" . We would like to know the relation between fj, and our 
moduli J a, Jb and Jc- 

The polarized supersingular K3 surface of type (jj) is an example of Zariski 
surfaces. A general theory of Zariski surfaces has been developed in |2). 

Notation and terminologies. 

(1) Let A be a commutative ring, and S a set. We denote by A s the ^4-module 
of all maps from S to A. 
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(2) Let S be a finite set. The full symmetric group of S is denoted by 6(S), 
which acts on S from left. We denote by Pow(S') the power set of S. A canonical 
identification between Pow(S') and F:| is given by / G Ff h-> C S. Hence 
Pow(S') has a structure of the F2-vector space by the symmetric difference 

Ti + T 2 = (Ti U T 2 ) \ (Ti n T 2 ) (Ti, T 2 c 5). 

A linear subspace of Ff = Pow(S) is called a code, and an element of a code is called 
a word. A word is expressed either as a vector of dimension IS^ with coefficients in 
F 2 , or as a subset of S. The cardinality \A\ of a word A C S 1 is called the weight of A 
The automorphism group Aut(C) of a code C C Pow(S) is the subgroup of 6(5) 
consisting of all permutations preserving C. Two codes C and C in Pow(S') are 
said to be isomorphic if there exists a permutation a G &(S) such that cr(C) = C. 
The isomorphism class of codes represented by a code C is denoted by [C] . 

(3) A lattice is a free Z-module A of finite rank equipped with a non-degenerate 
symmetric bilinear form A x A — > Z. A lattice is called even if v 2 S 2Z holds for 
every v € A. A lattice is called hyperbolic if the signature of the symmetric bilinear 
form on A eg) M is (1,9 — 1), where r is the rank of A. The dual lattice A v of A is 
the Z-module Hom(A,Z). There exists a canonical embedding A c — > A v of finite 
cokernel. Hence A v can be regarded as a submodule of A <g>z Q. We have a natural 
Q-valued symmetric bilinear form on A v that extends the Z-valued bilinear form 
on A. An overlattice of A is a submodule A' of A v containing A such that the 
canonical Q-valued symmetric bilinear form on A v takes values in Z on A'. 

2. The codes associated with the supersingular K3 surfaces 
First we give a proof of Proposition II. 31 

Proof of Proposition 1 1 . The equivalence of (i) and (iii) follows from the structure 
of the graded ring © m > -ff°(A, C® m ), where A is a K3 surface and £ is a line 
bundle of degree 2. (See [TTJ §7].) By (TT1 Theorem 2.1], Z(dG) = Z(dG') holds if 
and only if dG — c ■ dG' for some c € k x . Since the kernel of G i— » dG is equal to 
{H 2 \H e V}, the equivalence of (ii) and (iii) follows. □ 

2.1. Definition of the code C(X, C,-f). Let us fix a finite set 

V : {/'; /V! 

consisting of 21 elements, on which the full symmetric group 6("P) acts from left. 

Definition 2.1. We denote by Q the space of all injective maps 7 : V > P 2 such 
that there exists a homogeneous polynomial G £W satisfying t("P) = Z(dG). 

The space t/ are constructed as follows. For G £ U, let (G) S P*(W/V) denote 
the point corresponding to G. We denote by 

Z := { (p, (G)) S P 2 x P„(W/V) I p G Z(dG) } ^ P,(W/V) 

the family of Z(dG), which is finite and etale of degree 21 over F*(li/V). We 
prepare 21 copies of Z and make the fiber-product Z^ 21 ) of them over P*(£//V). 
Then Q is the union of irreducible components of Z^ 21 ' that do not intersect the 
big diagonal. 
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Remark 2.2. We fix a base point (Go) € P*(t//V), and consider the monodromy 
action 

H : 7ri(P*(W/V),(Go» -> ©(^(dGo)) 
of the algebraic fundamental group of P»(W/V) on Z(dGo). Then the number of 
irreducible components of £/ is equal to the index of the image of [i in &(Z(dGo)). 
It was shown in Chapter 4, Appendix 2] that the monodromy group on the 
singular points of a generic Zariski surface in characteristic > 5 is equal to the 
full-symmetric group. 

The group 6(P) acts on Q from right, and PGL(3,k) acts on Q from left. By 
Proposition 1 1 . 31 we have 

m = PGL(3,k)\g/e(p). 

Let 

21 

N Q := 17 © Zh = Ze; © Zft 

i=l 

be a free Z-module of rank 22 generated by vectors ei, . . . , e2i corresponding to 
Pi , . . . , P 2 i G P an d a vector ft,. We equip N with a structure of the even hyperbolic 
lattice by 

e 2 = -2, h 2 = 2, e t ej = G (t ^ j), he, = 0. 

The dual lattice 

7V V = Hom(7V , Z) C No <8>z Q 
is generated by ej/2 (i = 1, . . . , 21) and ft/2. Thus we have a canonical isomorphism 

7V V /7V = F^ffiF 2 = Pow(P)ffiF 2 . 

Hence we can write an element of Nq /Nq in the form (A, a), where A is a subset 
of P and a £ F 2 . We denote by 

pr : 7V V -> 7V v /iVo = Pow(P) © F 2 

the natural projection. We also denote by 

p : /N = Pow(P) © F 2 -> Pow(P) 

the natural projection onto the first factor. The following is obvious: 

Lemma 2.3. Let C be a subspace of the F 2 -?;ector space Pow(P) © F 2 . Then the 
submodule pr _1 (C) of Nq is an even overlattice of Nq if and only if 




mod 4 if a = 

1 mod 4 if a = 1 



holds for every (A, a) EC. □ 

Let (X, C) be a polarized supersingular K3 surface of type (jj), and let NS(X) 
denote the numerical Neron-Severi lattice of X. There exists G G U such that 
$| £ | : X -> P 2 factors through ?r G : F G -> P 2 . We put 

2(ix) :-Z(rfG)=^ G (Sin g r G ). 

There also exists a point 7 : P P 2 of Q, unique up to the action of S(P), that 
induces a bijection from P to Z( X ,c)- We fix such a point 7 € Let be the 
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(— 2)-curve on X such that $\c\{Ei) is the point 7(P») € Z(x,C)- Then we obtain 
an embedding 

t 7 : N Q ^ NS(X) 
of the lattice Nq into NS(X) by ej i— * [J5j] and h i— > [£]. By the embedding i 7 , we 
can regard NS(X) as a submodule of A^. We put 

C(JC,£,7) := NS(X)/N C Pow(P)eF 2 , and 

C(X,£,7) := p(C(X,£,7)) C Pow(P). 

Since NS(X) is an even overlattice of TVo, the code C(X, £, 7) is uniquely recov- 
ered from C(AT, £,7) by Lemma f2. 31 and hence the lattice NS(X) is also uniquely 
recovered from the code C(X, £, 7). In particular, the Artin invariant o~(X) of X is 
given by 

a(X) = 11 - dim F2 C(X, £, 7). 
Note that the isomorphism class of the code C(X, jC, 7) does not depend on the 
choice of 7. The following is one of the main results of |llj : 

Theorem 2.4. For an isomorphism class [C] 0/ codes in Pow(P), the following 
two conditions are equivalent. 

(i) There exists a polarized supersingular K3 surface (X, £) of type (jj) such that, 
for a [and hence any) bijection 7 from V to Z(x,c)> the code C(X, £,7) is in the 
isomorphism class [C]. 

(ii) A (and hence any) code C G [C] satisfies the following: 

• dimC < 10, 

• the word V G Pow(P) is contained in C, and 

• |A| G {0, 5, 8, 9, 12, 13, 16, 21} for every word AeC. 

2.2. Geometry of Z^x.c) an d the code C(A", £,7). Let (X, £) be a polarized 
supersingular AT 3 surface of type (jj). We fix a bijection 7 from P to Ztx,C)- Let 
G £ W be a homogeneous polynomial such that <5i£i factors through Yq, or equiv- 
alently, such that Z(dG) = Z( X ,C) holds. For the proofs of the facts stated in this 
subsection, we refer the reader to |1 H §6 and §7]. 

Definition 2.5. Let C C P 2 be a reduced irreducible curve. We say that C splits 
in (X,C) if the proper transform of C by : AT — » P 2 is non-reduced. We say 
that a reduced (possibly reducible) curve C splits in (X, £) if every irreducible 
component of C splits in (X, £). 

Since $i£i is purely inseparable of degree 2, the proper transform of a splitting 
curve C by $|£| is written as 2Fc, where Fq is a reduced divisor of X. We denote 
by w(C) G Pow(P) the image of the numerical equivalence class [Fc] € NS(X) by 

AS^AT) — ► NS(X)/N ^ A^ V /A^ -A Pow(P), 

where A*o NS(X) is obtained from the fixed bijection 7 : P ^> Z/x,£)- By 
definition, we have 

u>(<7) G C(AT,£, 7 ). 

It is easy to see that 

w(C) ={PiEV I the multiplicity of C at j(P,) is odd }. 
If C is a nonsingular curve splitting in (A", £), then 

w(C)= 1 - 1 (Cnz ixx) ). 
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If C\ and C2 are two splitting curves without common irreducible components, then 
w(d U Ci) = w{Cx) + w(C 2 ) holds. 

Proposition 2.6. Let IzfdG) C Opa be the ideal sheaf defining the subscheme 
Z{dG). The linear system \1z(dG) (5)1 of quintic curves passing through all the 
points of Z(dG) is of dimension 2, and spanned by the curves defined by 

dG/dX = 0, dG/dY = Q and dG/dZ = Q. 

A general member C of\Iz(dG){&)\ splits in (X,£), and the word w(C) G C(X, £,7) 
is equal to V € Pow('P). 

Proposition 2.7. Let C be a reduced curve splitting in (X, £), and let p be a point 
of C . (1) If p is an ordinary node of C , then p G Zrx,c)- (2) If P * s an ordinary 
tacnode of C , then p ^ Z(x,c) ■ 

Proposition 2.8. Let C be a reduced curve of degree 6 splitting in (X, £), and let 

G' = be a defining equation of C . If C has only ordinary nodes as its singularities, 
then the homogeneous polynomial G' is a point of U, and the point [G'] G 971 
corresponds to the isomorphism class of (X, £). 

Proposition 2.9. Let LcP 2 be a line. The following conditions are equivalent: 
(i) L splits in (X,£), (ii) \Lf] Z( X ,c)\ — an< ^ ( m ) Z(x.c)\ = 5- 

Proposition 2.10. Let Q C P 2 be a nonsingular conic curve. The following 
conditions are equivalent: (i) Q splits in (X,C), (ii) \Q PI Z( X c)\ ^ 6, and (hi) 
\Q^Z (XX) \ =8. 

Corollary 2.11. The word w(L) = r y~ 1 (LnZ(x,c)) °f a splitting line L is of weight 
5, and the word w(Q) = 7 _1 (Q H Z(x,£)) °f a splitting nonsingular conic curve Q 
is of weight 8 . 

Definition 2.12. A pencil £ of cubic curves in P 2 is called a regular pencil if the 
following hold: 

• the base locus Bs(£ ) of £ consists of distinct 9 points, and 

• every singular member of £ has only one ordinary node as its singularities. 
We say that a regular pencil £ splits in (X, C) if every member of £ splits in (X, C). 

Proposition 2.13. Let £ be a regular pencil of cubic curves spanned by Eq and 
Eqq. Let Hq = and = be the defining equations of Eg and E^, respectively. 
Then £ splits in (X, C) if and only if there exist c G k x and H G V such that 

(2.1) G = cH a H 00 +H 2 

holds. If £ splits in (X,C), then Bs(£) is contained in Z^x,c)j an d 

w(E t )= 7- x (Bs(£)) 

holds for every member E t of £ . In particular, the word w(E t ) is of weight 9. 

Remark 2.14. The condition (|2.1|) is equivalent to 

ZidiHoH^)) = Z(dG) = Z ( xx) 

by Proposition 11.31 

Remark 2.15. A regular pencil £ has 12 singular members E^\ . . . , E^ 12 \ We 
denote by AfW the ordinary node of E^K Suppose that £ splits in (X, £). Then 
Z(xx) is a disjoint union of Bs(£) and {N {1 \ N^}. 
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Let L\ and L 2 be distinct lines splitting in (X,C). Then the intersection point 
of L\ and L 2 is in Zix,c) by Proposition 12 . 71 and hence 

w(Li U L 2 ) = w(£i) + w(L 2 ) 

is a word of weight 8. 

Let Li, L 2 and L3 be lines splitting in (X, £) such that Li C) L 2 C) L3 = 0. Then 
the three ordinary nodes of LiU L 2 U L% are in Z(x,£) by Proposition ^ 71 and hence 

w{Li Ui 2 U L 3 ) = w(L x ) + w(L 2 ) + w(L 3 ) 

is a word of weight 9. 

Let Q be a nonsingular conic curve splitting in (X, £) , and let L be a line splitting 
in (X, £). Using Proposition ^. 71 we see that L intersects Q transversely if and only 
if w(L U Q) = w(L) + w(Q) is of weight 9. We also see that L is tangent to Q if 
and only if w(L) n w(Q) = 0. 

Definition 2.16. Let C C Pow('P) be a code satisfying the conditions in (ii) of 
TheoremEl and let A be a word of C with \ A\ € {5, 8, 9}. 

(1) We say that A is a linear word of C if \A\ = 5. 

(ii) Suppose \A\ = 8. If A is not a sum of two linear words of C, then we say 
that A is a quadratic word of C. 

(hi) Suppose \A\ =9. If A is neither a sum of three linear words of C nor a sum 
of a linear and a quadratic word of C, then we say that A is a cubic word of C. 
Proposition 2.17. (1) The correspondence L 1— > w{L) yields a bijection from the 
set of lines splitting in (X,C) to the set of linear words in C{X, £,7). 

(2) The correspondence Q <— > w(Q) yields a bijection from the set of nonsingular 
conic curves splitting in (X,C) to the set of quadratic words in C{X, £,7). 

(3) The correspondence E 1— > 7~ 1 (Bs(£)) yields a bijection from the set of regular 
pencils of cubic curves splitting in (X,C) to the set of cubic words in C(X, C,j). 

By Theorem 12.41 the code C(X, £,7) is generated by the word V and by the 
linear, quadratic and cubic words in C(X, £,7). Combining this fact with Proposi- 
tion we obtain the following: 

Corollary 2.18. Let g be an element of the group 

Aut(X,£) = { h G PGL(3,k) I h{Z {xx) ) = Z {xx) }. 

Then we have C(X, £,7) = C(X, C, g o 7). Hence there exists a unique element 
<jg G Aut(C(X, £, 7)) such that g o 7 = 7 o <j g holds. By g 1— > <j ff , we can embed 
Aut{X,C) into Aut(CpT,£,7)). 

2.3. Construction of 9Jt[c] from C. Let [C] be an isomorphism class of codes 
satisfying the conditions in (ii) of Theorem 12.41 We denote by 

9K[ C ] c an 

the locus of all isomorphism classes of polarized supersingular K3 surfaces (X, C) 
of type (jj) such that C(X, £,7) is contained in [C] for a (and hence any) bijection 
7 from V to Z(xx) ■ We also denote by G[c] the pull-back of 9Jt[c] by the quotient 
map 

g — > m = PGL(3,k)\g/e(v). 

We will describe the locus £[c]- 
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Definition 2.19. For a point 7 of Q, let C[y} denote the code in Pow('P) generated 
by the following words: 

• V G Pow(P), 

• words A of weight 5 such that the points 7(A) are collinear, 

• words A of weight 8 such that there exists a nonsingular conic curve con- 
taining "/(A), and 

• words A of weight 9 such that there exists a regular pencil E of cubic curves 
spanned by E = {H Q = 0} and = {Hoc = 0} such that Bs(£) = 7(A) 
and Z{d{H n H QO )) = 7 ("P) hold. 

From the results above, we obtain the following: 

Corollary 2.20. Suppose that 7 £ Q, and let (X,C) be a polarized supersingular 
K3 surface of type (jj) such that "f(V) = Z<x,c)- Then the code C[y] coincides with 
the code C (X, C, 7) . 

By definition, we have 

Cfrocr] =cr -1 (C[7]) for any cr G &{V). 

For each code C G [C] , we put 

Gc ■= { 7 e G I C[ 7 ] = C }. 

Then we have 

where Gc denotes the image of Gc by the action of a E &(V). Therefore we obtain 
G[c] = |_J Gc = |_J Gc (disjoint union), 

C'£[C] a 

where a runs through the set of representatives for the right cosets in GiV) with 
respect to the subgroup Aut(C) C S('P). Hence we have 

Tt [c] =PGL(3,k)\Gc/Aut(C). 

For 7 G Gc, let [7] G PGL(3,k)\Gc denote the projective equivalence class of 7. 
From Corollary 12. 181 we obtain the following: 

Corollary 2.21. Let (X,C) be a polarized supersingular K3 surface of type (jj) 
corresponding to the image of [7] £ PGL(3, k)\Gc by the quotient map 

PGL(3, k)\Gc -> 9%j = PGL(3, k)\Gc/ Aut(C). 

Via the natural embedding of Aut(X, C) into Aut(C(X, C, 7)) = Aut(C), the auto- 
morphism group Aut(X, C) is equal to the stabilizer subgroup of the point [7]. 

3. The isomorphism classes of codes with Artin invariant 1 and 2 

We have classified all isomorphism classes of codes satisfying the conditions in 
(ii) of Theorem 12.41 The list is given in ^2 §8]. Using the classification, we have 
obtained the following jl II Corollary 1.11]: 

Theorem 3.1. There exists exactly one isomorphism class [Co] of codes of dimen- 
sion 10 satisfying the conditions in (ii) of Theorem \2.J\ The moduli space 2t[c ] 
consists of a single point corresponding to the Dolgachev-Kondo polynomial 

G DK := XYZ(X 3 + Y 3 + Z 3 ). 



MODULI CURVES OF SUPERSINGULAR if 3 SURFACES 



15 



We call the point [Gdk] constituting 97li = 5Dt[c ] the Dolgachev-Kondo point 
We define the Dolgachev-Kondo code 

C DK C Pow(P 2 (F 4 )) 

to be the code generated by the words A(Fzi), where A are F4-rational lines in P 2 . 
The codes in the isomorphism class [Co] are precisely the codes 7~ 1 (Cdk), where 
7 runs through the set of all bijections from V to P 2 (F4) = Z(dGuK)- The weight 
enumerator of any code in [Co] is 

1 + 21z 5 + 210z 8 + 280z 9 + 280z 12 + 210z 13 + 21z 16 + z 21 . 

There are no quadratic nor cubic words in Co- 

From the list in [111 §8], we obtain the following: 

Proposition 3.2. There are exactly three isomorphism classes [Ca], [Cb]> [Cc] 
of codes of dimension 9 satisfying the conditions in (ii) of Theorem \2.4\ 

As representatives of these isomorphism classes, we can take codes Ca, Cb 
and Cc generated by vectors in Tables l3~Tl 13.21 and 13.31 The numbers of linear, 
quadratic and cubic words in these codes are given in the following table: 





linear 


quadratic 


cubic 


c A 


13 


28 





C B 


9 


66 





C c 


5 


120 






The weight enumerators of these codes are as follows: 

C A : l + 13z 5 + 106z 8 + 136z 9 + 1362 12 + 106z 13 + 13z 16 + z 21 , 
C B : l + 9z 5 + 102z 8 + 144z 9 + 144z 12 + 102z 13 + 9z 16 + z 21 , 
C c : l + 5z 5 + 130z 8 + 120z 9 + 120z 12 + 130z 13 + 5z 16 + z 21 . 

Remark 3.3. The Dolgachev-Kondo code Cdk is related to the binary Golay code 
C 2 4 in the following way. Let M := {fii, . . . , ^24} be the set of positions of the 
Miracle Octad Generator (MOG) as is indicated in |3 Table 6.1]. The definition 
of C24 as a subcode of Pow(M) is described in .3, Chapter 11]. We put N := 
{M22, M23> ^24} C M, and consider the 10-dimensional subcode 

C 22 := { w £ C 24 I w D N or w n N = } 

of C24. We then define a map 

P 2 (F 4 ) — > M 

by 9, Table 6.2]. The pull-back of C22 by this map is just the Dolgachev-Kondo 
code C DK - 

Remark 3.4. The codes Ca, Cb and Cc are isomorphic to linear subcodes of Cdk 
defined as follows. Let F — {Qi, Q2, Q3, Qi} be a set of four points of P 2 (F4), and 
let Cp be the 9-dimensional linear subcode of Cdk defined by 

C F := { w G C D k I \w flF\ is even }. 

If no three points of F are collinear, then Cf is isomorphic to Ca; if exactly one 
triplet of the points of F are collinear, then Cf is isomorphic to Cb; while if F is 
on a line, then Cf is isomorphic to Cc- 



16 



ICHIRO SHIMADA 



1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


















































1 


1 


1 


1 


1 






































1 


1 


1 


1 














1 





























1 


1 


1 











1 











1 


























1 


1 








1 








1 











1 


























1 





1 





1 








1 











1 























1 


1 

















1 





1 











1 


1 


1 


1 











1 





1 














1 








1 


1 


1 








1 





1 








1 








1 








1 








1 








1 


1 





1 


1 









Table 3.1. Generators of the code Ca 
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Table 3.2. Generators of the code 
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Table 3.3. Generators of the code Cc 



For T = A,B and C, we will write 971 ^ instead of 5D?[c T ] , and Qt instead of Gc T ■ 
In the next three sections, we will construct explicitly the space 

Tl T = PGL{3, k)\g T / Aut(C T ) 

for T — A,B, C, and prove Theorems II .61 IT~71 and fOl stated in Introduction. For 
this purpose, we have to determine the group Aut(Cr) and the space Qt- Since 
Ct is generated by V and the set of linear and quadratic words, we obtain the 
following: 

Proposition 3.5. Let W\(Ct) and W^Ct) be the sets of linear and quadratic 
words in Ct, respectively. An element a of &(V) is contained in Aut(Cr) if and 
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only if the following hold: 

a(Wi(C T )) = Wi{C T ) and a(W 2 (C T )) = W 2 (C T ). 

Proposition 3.6. Suppose that a map 7 : V — > P 2 is given. Then 7 is contained 
in Qt = {7 € Q I C["f] = Ct} if and only if the following hold: 

(i) 7 is infective, 

(ii) i/iere exists a homogeneous polynomial G of degree 6 such that j(V) = 
Z{dG), 

(iii) for every linear word I of Ct, there exists a line L C P 2 containing 
and 

(iv) for every quadratic word q of Ct, there exists a nonsingular conic curve 
QcP 2 containing 7(9). 

Proof. The "only if " part is obvious from the definition of Qt- Suppose that 7 
satisfies (i)-(iv). By (i) and (ii), we have 7 S Q. Since Ct is generated by the 
word V and linear and quadratic words, the properties (iii) and (iv) implies that 
C T C C[j]. If C T ^ C[j], then, by Theorem O the code C[j] C Pow(P) is 
isomorphic to the Dolgachev-Kondo code Cdk C Pow(P 2 (F4)) by some bijection 
from V to P 2 (F 4 ). Hence there exists g £ PGL(3, k) such that 

5 (7(7>)) = Z(dG D K)=P 2 (F 4 ). 

However, there are no eig ht points in P 2 (F 4 ) that are contained in a nonsingular 
conic curve. □ 

It will turn out that, for T = A,B and C, the following hold. 

(1) The space PGL(3, k)\Qx has exactly two connected components, both of 
which are isomorphic to A 1 \ {0, 1,oj,Q}. Let Nt C Aut(Cy) be the subgroup 
consisting of the elements that do not interchange the two connected components, 
and let IV be the image of Nt in Aut(A : \ {0, 1, u>, Q}). Then Nt is of index 2 in 
Aut(Cy). The moduli curve 9JIt is the quotient of A 1 \ {0, 1, u>, uj} by Tt- 

(2) The action of IV on the punctured affine line A 1 \{0, l,u>, uj} is free. Hence the 
order of the stabilizer subgroup Stab([7]) C Aut(Cy) of a point [7] £ PGL(3, k)\(/T 
is constant on PGL(3,k)\Q T . By Corollary |2~2"T1 Stabflj]) is equal to Aut(A,£), 
where (X, C) corresponds to the image of [7] in TIt- Hence we have an exact 
sequence 

1 -> Aut(A,£) N T -> T T -> 1 
for any polarized supersingular K3 surface (A, C) corresponding to a point of 2Ht- 
The orders of the groups above are given as follows. 



T 


|Aut(C T )| 


= 2 


X 


|IV| 


X 


1 Aut(A,£)| 


A 


1152 


= 2 


X 


6 


X 


96 


B 


432 


= 2 


X 


12 


X 


18 


C 


23040 


= 2 


X 


12 


X 


960 



Remark 3.7. The following algorithm will be used frequently. Suppose that we are 
given eight points 

Pi = [&,»7i.Ci] (i = !)•••, 8) 
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on P 2 . In order for them to be on a (possibly singular) conic curve, it is necessary 
and sufficient that the 8x6 matrix 

& Vi, Ci, Zm, VlCu C1C1 



M := 



£l> Vi, Cf> %Cs, Cs£s 

is of rank < 6. When the rank of M is < 6, a non-zero solution 

T L4,P,C,P,P,P] 
of the linear equation Mx = gives us a defining equation 
(3.1) AX 2 + BY 2 + CZ 2 + DXY + EYZ + FZX = 

of a conic curve containing pi, . . . ,pg. 

The following are phenomena peculiar to projective geometry in characteristic 

2. 

Remark 3.8. The conic curve defined by the equation (|3.1|) is singular if and only 
if the following holds: 

AE 2 + BE 2 + CD 2 + DEF = 0. 

Definition 3.9. Let L C P 2 be a line, and let Q C P 2 be a (possibly singular) 
conic curve. We say that L and Q are tangent if they fail to intersect at distinct 
two points. 

Remark 3.10. Let L be a line. Then the conic curves tangent to L form a linear 
system in |0 P 2(2)|. If three distinct lines L±, L2 and L3 are concurrent, then every 
conic curve that is tangent to L\ and Li is tangent to L3. 

Remark 3.11. Let A,B,C,D 6 P 2 be distinct points. Suppose that no three of 
them are collinear. Let O (resp. P) (resp. Q) be the intersection point of the lines 
AB and OD (resp. AC and ~BD) (resp. AD and ~BC). Then O, P and Q are 
collinear. 



4. The moduli curve corresponding to the code Ca 
In this section, we prove Theorem II .61 

The linear words of Ca are listed in Table 14.11 From now on, we sometimes 
abbreviate, for example, the set {P s , Pg, Pi 2 , P15, P19} to {8,9,12,15,19}. The 
linear word m stands out from the rest in that there are two points Pi and P2 in 
m through which no other linear words pass. We call m the special linear word. 
The other linear words are divided into three groups according to the intersection 
point with m. For v = 12, 13, 18 and i = 1,2, 3, 4, the non-special linear word l v ^ 
intersects m at the point P v . For each of P\ and P2, there exists only one linear 
word m containing it. For each of P12, P13 and Pis, there exist exactly five linear 
words containing it. For each of the other 16 points, there exist exactly three linear 
words containing it. For each a,/3 = 1, ... ,4, there exists a unique 7 = 7(a,/3) 
such that the three linear words l\2. a , h3./3 and hs^ have a point in common. We 
call such a triple (a, (3, 7) a concurrent triple. The list of concurrent triples is given 
in Table l4~2l For a concurrent triple (a,/3, 7), we denote by T a( 3 7 the intersection 
point of ii2, Q , Zi3,/3 and Zi 8 , 7 - 
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The 28 quadratic words in Ca are divided into two groups. The quadratic 
words q[, . . . , q[ 2 listed in Table ^3 are disjoint from the special linear word m, 
and intersect each of the non-special linear words at distinct two points. On 
the other hand, for each concurrent triple (a, /3, 7), there exists a unique quadratic 
word <7q/3 7 that is disjoint from the three linear words /i 2jQ , £18,71 and intersects 
other ten linear words at distinct two points. The list of these quadratic words q a p~i 
is given in Table l4~5l 

In order to study Aut(C^), we embed Ca into the Dolgachev-Kondo code 
Cfjk C Pow(P 2 (F 4 )) by the bijection : V ^ P 2 (F 4 ) given in Table PI The 
following can be checked easily. 

(1) If I is a linear word of Ca, then the points in <p(l) are collinear. The 
linear words of Ca coincide with (A(F 4)) , where A are F 4 -rational lines 
containing at least one of 0(Pi 2 ), 4>(Pi3), <t>(Pis)- 

(2) The words q^, . . . , q[ 2 coincide with the words written as 

r 1 (Ai(F 4 ) + A 2 (F 4 )), 

where A 4 and A2 are distinct F 4 -rational lines such that both of Ai(F 4 ) 
and A 2 (F 4 ) are disjoint from {^(Pi 2 ), 0(Pi3), ^(Pis)}, and such that the 
intersection point of Ai(F 4 ) and A 2 (F 4 ) is either (f>{P\) or 0(P 2 ). 

(3) For a concurrent triple (a,(3,j), let A.; be the F 4 -rational line passing 
through 0(T a/ 3 7 ) and 4>(Pi) for i = 1,2. Then we have g Q/ g 7 = _1 (Ai(F 4 ) + 
A 2 (F 4 )). 

Let PG' be the subgroup of PGL(3,F 4 ) consisting of g £ PGL(3,F 4 ) satisfying 

{ 5 (0(P 12 )), 5 (0(P 13 )),5(0(Pi8))} = {0(Pi 2 ),0(Pi 3 )>(Pi 8 )}, 

and let PG be the subgroup o PG' o <f> of &(V). The order of PG is 288. Let 
F 1 G S(P 2 (F 4 )) be the element of order 2 obtained by the conjugation u> 1— » uj of 
F 4 over F 2 . We then put 

F-f'oF'o^ (PlP 2 )(P 3 P5)(P4P6)(P7Pl4)(P8Pl5)(Pl0Pl6)(Pl7P2l) € &{V). 



m 


{ 


1, 


2. 


12, 


13, 


18 


}• 


12,1 


{ 


10, 


11, 


12, 


16, 


20 


}. 


12,2 


{ 


8, 


9, 


12, 


15, 


19 


}, 


12,3 


{ 


5, 


G. 


12, 


14. 


17 


}, 


12,4 


{ 


3, 


4. 


7, 


12, 


21 


}, 


13,1 


{ 


13. 


14, 


15, 


16, 


21 


}. 


13,2 


{ 


7, 


8, 


10, 


13, 


17 


}, 


13,3 


{ 


4. 


G. 


11, 


13, 


19 


}. 


13,4 


{ 


3, 


5- 


9, 


13, 


20 


}. 


18,1 


{ 


17, 


18, 


19. 


20, 


21 


}, 


18,2 


{ 


7, 


9. 


11, 


14, 


18 


}, 


18,3 


{ 


4. 


5- 


10, 


15, 


18 


}. 


18,4 


{ 


3, 


G. 


8, 


16, 


18 


}■ 



Table 4.1. Linear words in 
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\ a 


1 


2 


3 


4 


1 


4 


3 


2 


1 


2 


3 


4 


1 


2 


3 


2 


1 


4 


3 


4 


1 


2 


3 


4 



Table 4.2. Concurrent triples (a, 0, 7(a, 0)) 



a(3j 


114 


123 


132 


141 


213 


224 


231 


242 




Pw 


Pio 


Pn 


-P20 




Ps 


Pl9 


fg 




312 


321 


334 


343 


411 


422 


433 


444 




Pl4 


Pi7 


Pa 


P5 


P21 


^7 


P 4 


P3 



Table 4.3. Points T a/ g 7 



5i 


{ 


5, 


6, 


7, 


9, 


10, 


16, 


19, 


21 


}• 




{ 


5, 


6, 


7, 


8, 


11, 


15, 


20, 


21 


}, 




{ 


4, 


6, 


8, 


9, 


10, 


14, 


20, 


21 


}• 




{ 


4, 


6, 


7, 


9, 


15, 


16, 


17, 


20 


}• 


q' 5 


{ 


4, 


5, 


8, 


9, 


11, 


16, 


17, 


21 


}, 


Q'e 


{ 


4, 


5, 


7, 


8, 


14, 


16, 


19, 


20 


}, 




{ 


3. 


6, 


9, 


10, 


11, 


15, 


17, 


21 


}• 


q's 


{ 


3. 


6, 


7, 


10, 


14, 


15, 


19, 


20 


}, 


99 


{ 


3, 


5, 


8, 


10, 


11, 


14, 


19, 


21 


}• 


q'w 


{ 


3, 


5, 


7, 


11, 


15, 


16, 


17, 


19 


}, 




{ 


3, 


4, 


9, 


10, 


14, 


16, 


17, 


19 


}, 


<?i 2 


{ 


3, 


4, 


8, 


11, 


14, 


15, 


17, 


20 


}• 



Table 4.4. Quadratic words q' v in 



We also put 

T := (P1P2). 

Proposition 4.1. The group Autf^C^) is of order 1152, and is generated by PG, 
F and T. 

Proof. Since the actions of PG' and F' on P 2 (F4) leave the set 

{[0, 1, 0], [1, 1, 0], [1, 0, 0]} = {<f,(P 12 ), 0(Pi 3 ), 0(Pi 8 )} 

invariant, and preserve the line-point incidence configuration, we see that PG C 
Aut(CU) and F € Aut(CU)- It is obvious that T € Aut(C^)- By direct calculation, 
we see that the subgroup of &(V) generated by PG, F and T is of order 1152. 

Every automorphism of Ca leaves each of the sets {Pi, P 2 } and {P12, P13, Pis} 
invariant. Hence we have a homomorphism 

(4.1) Aut(CU) -> 6({Pi,P 2 }) x 6({P 12 ,P 13 ,Pi 8 }). 
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qui 


{ 


1. 


2, 


4, 


5. 


7, 


9. 


17, 


19 


}• 


9123 


{ 


1, 


2, 


3, 


G. 


9, 


14, 


19, 


21 


}■ 


9132 


{ 


1. 


2. 


3, 


5- 


8, 


15, 


17, 


21 


}■ 


qui 


{ 


1. 


2, 


4. 


6. 


7. 


8, 


14, 


15 


}• 


9213 


{ 


1. 


2, 


3, 


6. 


7, 


11, 


17, 


20 


}• 


9224 


{ 


1, 


2: 


4, 


5- 


11. 


14, 


20, 


21 


}• 


9231 


{ 


1. 


2, 


3, 


5- 


7. 


10, 


14, 


1G 


}• 


9242 


{ 


1, 


2, 


4, 


G. 


10, 


1G, 


17, 


21 


h 


9312 


{ 


1. 


2, 


3, 


4. 


8, 


10, 


19, 


20 


h 


9321 


{ 


1, 


2, 


3, 


4. 


9, 


11, 


15, 


1G 


h 


9334 


{ 


1, 


2, 


7, 


9. 


10. 


15, 


20, 


21 


h 


9343 


{ 


1, 


2, 


7, 


8, 


11, 


1G, 


19, 


21 


h 


9411 


{ 


1, 


2, 


5, 


G. 


8, 


9, 


10, 


11 


h 


9422 


{ 


1. 


2, 


•5, 


G. 


15. 


1G, 


19, 


20 


h 


9433 


{ 


1. 


2, 


8, 


9. 


14. 


16, 


17, 


20 


}, 


9444 


{ 


1. 


2, 


10. 


11, 


14. 


15, 


17, 


19 


}■ 



Table 4.5. Quadratic words q a /3-y in Ca 



<t>{px) 


= [l,w,0], 




= [0,1,0], 


HP2) 


= [1,0,0], 


<f>(Pi 3 ) 


= [1,1,0], 




= [1,1, w], 


<t>(Pu) 


= [1,0,0] 


4>(Pa) 


= [l,0,w], 


4>{Pis) 


= [l,w,l], 


4>(P 5 ) 


= [1,1, w], 


4>(Pw) 


= [0,1, w], 


<t>(p e ) 


= [1,^,0], 


4>{Pn) 


= [1,0,0], 


<t>(Pr) 


= [1,w,oj], 


HPis) 


- [1,0,0], 


4>(Ps) 


= [1,0,1], 


HP19) 


- [1,0,1], 


4>(Ps) 


- [1,1,1], 


HP20) 


= [0,0,1], 


<f>(Pw) 


- [0,1,0], 


HP21) 


= [1,0, w]. 


<KPn) 


= [0,1,1], 







Table 4.6. Bijection </> from V to P 2 (F 4 ) 



Since PG acts on {P12, P13, Pis} as the full-symmetric group, and since T is con- 
tained in Aut(C^), the homomorphism l|4.1|l is surjective. Let K denote the kernel 
of 14.1f> . We have a homomorphism 

(4.2) ^^64x64, g h-> (a, a'), 
where a and a' are given by 

g(h2,a) — h2,a{a)i 9(^13,^) = 'l3,<r'(/3)- 

We also have a homomorphism 

(4.3) 6 4 xS 4 -► &{V), ((7,(7') i ^ g^, 
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7a l-o ) 




7A 12 ) 


— rn i nl 


'V, ( P„\ 

l\\ r 2) 


— h n nl 


7A I, "13 ) 




7a(P3) 


M i \ 1 i \ 1 1 

= [1 + A, 1 + A, 1J, 


7a(Pu) 


= [A, 1,1], 


7a(A) 


= [1 + A,A,1], 


7a (Pis) 


= [1,A,1], 


7a (PO 


= [A,A,1], 


7a (-Pie) 


= [0,1 + A,1], 


7a (P>) 


= [A.1 + A.1], 


7a (Pit) 


= [A, 0,1], 


7a (P 7 ) 


= [1 + A, 1,1], 


7a (As) 


= [1,0,0], 


7a (PO 


= [1,1 + A, 1], 


7a (Pig) 


- [1,0,1], 


7a (P>) 


= [1,1,1], 


7a (Pm) 


= [0,0,1], 


7a(Plo) 


= [0,A,1], 


7a (Pa) 


= [1 + A, 0,1]. 


7a(Pii) 


= [0,1,1], 







Table 4.7. Definition of 7a for C A 



where g a . a i is given by 

9a,a'(Pi) = Pi if Gm, 

where (a,/3, 7) and (cr(a), cr'(/3), 7') are concurrent triples. 

Since the composite of l|4.2|) and Q4.3JI is the identity of K, the homomorphism 1|4.2(1 
is injective. For each pair (ct, a') of 64 x 64, we check whether g a ,a' is in Aut(C J 4); 
that is, whether g a>a r satisfies the following (see Proposition 13. 5|) : 

(4.4) ga,a'(W 1 (C A )) = W 1 (C A ) and g a , a , (W 2 (C A )) = W 2 (C A ). 

Among (4!) 2 = 576 pairs, exactly 96 pairs satisfy (|4.4() . Hence Aut(C^) is of order 
|^||6 2 ||6 3 | = 96- 12 = 1152, and is generated by PG, F and T. □ 

For a parameter A of the affine line A 1 , we define a map 

7 a : V -> P 2 

by Table l4~7l Note that 7^ coincides with cf> defined above. We denote by T the 
subgroup {1, T} of Aut(C A ). 

Proposition 4.2. The map A 1— * 7a induces an isomorphism from A 1 \ {0, l,w,a)} 
to PGL(3,k)\G A /f. 

Proof. First note that 7a is injective if and only if 

(4.5) A ^ and A ± 1. 

From now on, we assume ()4.5|l . 
We will show the following: 

Claim 4.3. Let 7' be an arbitrary element of Q A . Then there exists a unique triple 

{g,t,X) e PGL(3,k) xfx (fe\ {0,1, w}) 
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such that 

Because the points 7 '(Pi8), '/(Pia), 7'(P 2 o) of 7'(Zis,i) are on a line and the 
points 7'(Pi 2 ), 7 '(Pi3), 7'(-Pis) of 7 '(m) are on another line, there exists a unique 
element g G PGL(3, k) such that 7 := g ° 7' satisfies the following: 

7 (Pi 8 ) = [1,0,0], 

(4.6) 7 (Pi 2 ) = [0,1,0], 7 (P 13 ) = [1,1,0], 

7 (P 20 ) = [0,0,1], 7 (P 19 ) = [1,0,1]. 

Let Li2, a , Liz,f3 and £18,7 be the lines containing 7(^12. a ), 7(^13, p) and 7(^8,7), 
respectively. We put x :— X/Z, y := Y/Z. Then the defining equations of these 
lines can be written as follows: 

£12, a ■ x + a a = 0, 

(4.7) Li3 l0 : x + y + b fj = 0, 

^18,7 : 2/ + c 7 = 0. 

From (|4.6|l . we have 

(4.8) at =0, a 2 = 1, 63 = 1, 64 = 0, c a = 0. 
The condition that (a, (3, 7) is a concurrent triple is equivalent to 

a a + + c 7 = 0. 

Solving the linear equations corresponding to the 16 concurrent triples and com- 
bining the result with 14. 8f) . we obtain the following solutions: 

(ai,a 2 ,a 3 ,a 4 ) = (0, 1,A, 1 + A), 

(4.9) (bi,b 2 ,b 3 ,b 4 ) = (1 + A, A, 1,0), 
(ci,c 2 ,c 3 ,c 4 ) = (0,1, A, 1 + A), 

where A is a parameter. The coordinates of the points T a( g 7 are given by [a a , c 7 , 1]. 
Using Table FOl we see that 7 (Pi) = 7a (Pi) holds for every i except for i = 1 and 
i = 2. The line M containing 7(771) is defined by Z — 0. Hence we can put 

7 (P0 = [l.Ti.O], 7 (P 2 ) = [l,r 2 ,0]. 

By the algorithm in Remark l3.7l we see that a conic curve containing 7(9114) exists 
if and only if the following hold: 

(1 + t 2 +t 2 2 )(A + 1) 2 A 2 =0, 

(4.10) (n + r 2 ) (1 + r 2 + r 2 2 ) (A + 1) A = 0, 
(n + r 2 ) (n + r 2 + 1) (A + 1) A = 0. 

Here we have used the Buchberger algorithm to calculate the Grobner basis of the 
ideal in fc[A, t\, t 2 ] generated by 6 x 6- minors of the 8 x 6- matrix corresponding to 
the eight points in 7(9114). Replacing 7 by 7 o T if necessary, we have 

T\ = lo and r 2 = uj 

by (|4.5|) . I|4.10f) and t\ 7^ r 2 . Then the conic curve containing 7(9114) is defined by 

X 2 + Y 2 + XZ 2 + XY + (A + l)ZX = 0, 



24 



ICHIRO SHIMADA 



Qi : XX 2 + Y 2 + (X 2 + \) Z 2 + YZ + \ 2 ZX = 0, 

Q' 2 : (A + 1)X 2 + Y 2 + YZ + (X 2 + 1)ZX = 0, 

Qa : {X + 1)X 2 + XY 2 + X 2 YZ + (X 2 + 1)ZX = 0, 

Q' 4 : XX 2 + {X+1)Y 2 + (X 2 + l)YZ + X 2 ZX = 0, 

Q' B : X 2 + XY 2 + (A 2 + A) Z 2 + X 2 YZ + ZX = 0, 

Qe : X 2 + (A+l)r 2 + (A 2 + l)yZ + ZX = 0, 

Q' 7 : X 2 + (X+1)Y 2 + (X 2 + X) Z 2 + (X 2 + 1)YZ + ZX = 0, 

Qg : X 2 + XY 2 + X 2 YZ + ZX = 0, 

Q' 9 : XX 2 + (A+ 1)Y 2 + (A 2 + A) Z 2 + (A 2 + l) YZ + X 2 ZX = 0, 

Qio : (A + 1)X 2 + XY 2 + (A 2 + X)Z 2 + X 2 YZ + (A 2 + 1)ZX = 0, 

Q'n : (X + 1)X 2 +Y 2 + (X 2 + X)Z 2 + YZ+(X 2 + 1)ZX = 0, 

Qi 2 : AX 2 + V 2 + F^ + A 2 ZA' = 0. 

Table 4.8. Defining equations of the conic curves Q\ 



which is nonsingular if and only if A 2 + A + 1 ^ 0. (See Remark 13.81 ) Thus 
we have proved the existence and the uniqueness of the triple (g, t, A) satisfying 
goj'ot — j\. In particular, for each double coset in PGL(3, };)\Ga/T, there exists 
a unique A S k \ {0, 1, lo, lo\ such that 7a is contained in the coset. 

Conversely, let A be an element of k \ {0, 1, u, uj}. We will show that is in Ga- 
The points J\(V) coincides with Z(dGA[X\), where GA[A] is given in Theorem ll.6l 
Indeed, we can check that 

dGA[\] dGA[X] dGA[X] 

dx ^ 7A ' = — gy^~C7A(-n;; = — — (7a(^JJ = 

holds for i = 1, . . . , 21. For each linear word / of Ca, there exists a line containing 
7a (I). The defining equations of them are given by l|4.7|) and (|4.9|l . (The line 
M containing 7a (to) is defined by Z = 0.) For each quadratic word q[ of Ca 
(resp. g Q /3 7 ), there exists a nonsingular conic curve Q\ (resp. Q a p-y) containing 
J\(q!j) (resp. 7a (fe^))- The defining equations of them are given in Tables l4~8l 
and 14. 91 Hence 7a G Ga by Proposition 13. Gl □ 

Remark 4.4. The polynomial GA[A] defines the nodal splitting curve 

M U 1,12,1 U lag, i U Ll3,3 U Q 2 42- 

See Proposition 12. 81 

Remark 4.5. When A e {cj,a)}, the set jxiV) coincides with P 2 (F4), and the point 
[GA[A]] G 971 is the Dolgachev-Kondo point. 

Let A:(A) be the rational function field with variable A. For each a G Aut(C J 4), 
we calculate the unique triple 

{g a ,t a ,X a ) G PGL(3,k(X)) x f x k(X) 

such that 

9a ° {"fx ° a) o i CT = 7a- 
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X 2 


+ Y 2 


+ XY - 


- X Z 2 + (A + 1) ZX = 


■0, 






X 2 


+ Y 2 


+ XY - 


- (A + 1) Z 2 + X ZX = 


■0, 






X 2 


+ Y 2 


+ XY - 


- (A 2 + A) Z 2 + ZX = 


0, 




^ 141 


X 2 


_ i— Y 2 


+ XY - 


- (A 2 + A+ 1) Z 2 = 0, 






V213 


X 2 


1 V 2 


_i_ yv 

TAJ - 


-YZ + XZX = 0, 






^224 


X 2 


_L V 2 
r J- 


_l_ jfy _ 


- YZ + (A + 1) ZX = 


0. 




^231 


X 2 


1 -y 2 
\ J. 


+ XY - 


- (A 2 + A) Z 2 + YZ = 


0, 




Q242 


X 


+ Y 


+ XY - 


- (A 2 + A) Z 2 + YZ + ZX = 


0, 


Q312 


X 2 


+ Y 2 


+ XY - 


-XYZ+ZX = 0, 






Q321 


X 2 


+ Y 2 


+ XY - 


-(A + 1)Z 2 + AYZ = 


0, 




Q334 


X 2 


+ Y 2 


+ XY - 


-AYZ+(A + 1)ZX = 


= 0, 




Q343 


X 2 


+ Y 2 


+ XY - 


-(A + 1)Z 2 + AYZ + 


XZX 


= 0, 


Q411 


X 2 


+ Y 2 


+ XY - 


~XZ 2 + {X + 1)YZ = 


0, 




Q422 


X 2 


+ Y 2 


+ XY - 


- (A + 1) YZ + ZX = 


o, 




Q433 


X 2 


+ Y 2 


+ XY - 


- (A + 1) YZ + XZX -- 


= 0, 




Q444 


X 2 


+ Y 2 


+ XY - 


-XZ 2 + (X + 1)YZ + 


(A + l 


)ZX 



Table 4.9. Defining equations of the conic curves Q Q/ 3 7 



holds (see Claim ED) The calculation is done as follows: g a is the unique linear 
automorphism of P 2 characterized by 

S ct (7aMP 18 ))) - [1,0,0], 

«7*(7A(<r(Pb))) = [0,1,0], <7a(7AKPi3))) = [1,1,0] and 
.9.(7A(a(P 2 o))) = [0,0,1], ffff ( 7 A(a(Pi 9 ))) = [1,0,1]; 
t„ e T is given by 

^ fid if 5ff ( 7A (a(i\))) = [l,«,0], 
" |T ifg CT ( 7A ((7(P 1 ))) = [l,d;,Q]; 

and A CT is the rational function of the parameter A satisfying 

^(7aMP 10 ))H [0,A CT ,1]. 
The map a 1— > t CT is a homomorphism from Aut(Cyi) to T. We put 

iV^ := Ker(Aut(C j4 ) -> f). 
From the proof of Proposition ^. 21 we obtain the following: 

Corollary 4.6. The space PGL(3, Ic)\Qa has exactly two connected components, 
each of which is isomorphic to A 1 \ {0, l,u>, a)}. Set-theoretically, they are given by 

(PGL(3,k)\g A )+ := {[ 7a ] I aek\{0,l,u,Q}}, and 
(PGL(3,k)\G A )- := {[ 7q oT] I a €fc\ {0,1,^,0}}. 

The group Na acts on (PGL(3, + , <Wid i/ie moduli curve DJIa is equal to the 

quotient space (PGL(3,k)\QA) + /Na- 
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Let 

PA : A 1 \{0,l,w,w}S* {PGL(3,k)\g A )+ -> Tt A = (PGL(3, k)\g A ) + /N A 

denote the natural projection. For a € k \ {0, 1, us, ui}, let P[a] be the point of A 1 \ 
{0, 1,lu,uj} given by A = a. Then p A (P[a\) G 9Jl A corresponds to the isomorphism 
class of the polarized supersingular K3 surface (Ig^ui, ^GA[a])- 

Proposition 4.7. The set p A ^ L (p A (P[a])) is equal to 

(4.11) { P[a], P[l/a], P[a + 1], P[l/(a + 1)], P[a/(a + 1)], P[(a + l)/a] }, 
and Aut(XQ A t a i, Cgam) * s soual to the group l|l.l|l . 

Proof. The set {X a \ a E N A } C fc(A) coincides with the group T A given in Theo- 
rem II .61 The fiber p~^~ (p A {P[ot])) is therefore equal to 14. lH . Note that the fiber 
P A (pa(P[(x\)) consists of six distinct points for any a <E k \ {0, 1, cj, ui\; that is, the 
action of T A on (PGL(3, k)\Q A ) + is free. Hence, for any a € k \ {0, 1,lj,cZ;} and 
any a 6 Aiu^Ca), the projective equivalence classes pyj and 

[7a o a] = [ 7a a o i CT ] e PGL(3, fe)\g 

coincide if and only if i CT = id and A CT = A hold. Therefore, using Corollary 12.211 
we can obtain A\it(XQ A i a ], Cgam) from the subgroup 

{ 9a | £ CT = id and X a = \} c PGL(3,k(X)) 

by substituting a for A. □ 

Corollary 4.8. We have Wl A = Spec k[J A , l/J A ], where J A = (A 2 + A + 1)/A 2 (A + 
l) 2 . The morphism p A is an etale Galois covering with Galois group T A , which is 
isomorphic to S3. 

5. The moduli curve corresponding to the code Cb 
In this section, we prove Theorem II. 71 

Let AF be the affine plane over F3, P(AF) the set of rational points of AF, and 
L(AF) the set of rational affine lines of AF. Each element of P(AF) is expressed 
by a pair aa' of elements of F3, and each element of L(AF) is expressed as a subset 
{aa', bb' , cc'} of P(AF) with cardinality 3. We have 

\P(AF)\ = 9 and |£(AF)| = 12. 

The incidence relation 

{ (p, £) € P(AF) x L(AF) I p e i } 

is called the Hesse configuration (|4|). The automorphism group 

G HosS c :={cre 6(P(AF)) | a(£) € L(AF) for all I E L(AF) } 

of this configuration is isomorphic to the group of affine transformations of AF 
defined over F3. In particular, the order of Ghcssc is 432. 

We define injective maps 

C : P(AF) -4p and T : L(AF) -► V 

by Table O Then V is a disjoint union of C(P(AF)) and T(L(AF)). A point 
P € V is called a C-point or a T-point according to whether P 6 C(P(AF)) or 
P € T(L(AF)). The code C s is described as follows. 
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aa' 


00 


01 


02 


10 


11 


12 


20 


21 


22 


C(aa') 


Pvt 


Pl3 


P 5 


Pw 


Ps 


P e 


P 2 


^3 


Pi 



aa' 


bb' 


cc' 


T(£) 


00 


01 


02 


P21 


00 


10 


20 


P20 


00 


11 


22 


Pl9 


00 


12 


21 


Pis 


01 


10 


22 


Pl6 


01 


11 


21 


Pl5 



aa' 


bb' 


cc' 


T{£) 


01 


12 


20 


Pu 


02 


10 


21 


P11 


02 


11 


20 


P9 


02 


12 


22 


P7 


10 


11 


12 


P12 


20 


21 


22 


Pi 



Table 5.1. C-points C(aa') and T-points T(t) for i = {aa', bb', cc'} 



The linear words of Cb are precisely the words 

l aa , := {C(aa'), T{l x ), T(£ 2 ), T(£ 3 ), T(£ 4 )} (aa' e P(AF)), 

where li, . . . , £4 G L(AF) are the four affine lines passing through the point aa' S 
P(AF). 

There are two types of quadratic words. 

(I) Let £ = {aa', bb', cc'} be an element of L(AF). There exists a unique pair of 
distinct affine lines 

£x = {oioi, hb'x, c lC [} +£, £ 2 = {a 2 a' 2 , b 2 b' 2 , c 2 c' 2 } £ £ 

that are parallel to £. Then the word 

qt := {C(oioi), C(bib[), C '(adj , C <(a 2 a' 2 ) , C (b 2 b' 2 ) , C (c 2 c' 2 ) , T(l{),T(l 2 )} 

is a quadratic word of C^. 

(II) Let £\ and £ 2 be two distinct elements of L(AF) that are not parallel, and 
let aa' £ P(AF) be the intersection point of £\ and £2- Then there exists a pair 
{to, n} of elements of L(AF) with the following properties: 

(i) to and n are parallel, 

(ii) aa' ^ m, aa' ^ n, and 

(hi) none of the pairs (£i,m), (£ 2 ,m), (£i,n), (£2,n) are parallel. 
For such a pair {m,n}, there exists a unique line £' e L(AF) such that 

(a) aa' S £' , 

(b) is distinct from £1 and £ 2 , and 

(c) intersects both of m and n. 

We denote the intersection points of these affine lines as in Figure 15.11 Then the 
word 

aixA := {C(M 1 ),C(M 2 ), CTO, C(JV 2 ), T^N'), T(M 2 N'), T(N 1 M'), T(N 2 M')} 

is a quadratic word of Cb, where MN 6 L(AF) denotes the affine line containing 
the points M and iV. For each (£x,l 2 ), there exist exactly two pairs satisfying (i), 
(ii) and (hi). However, the word q' ti ts is independent of the choice of the pair. 
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n 



£1 £ 2 I' 

FIGURE 5.1. Intersection points 



00 


{ 


17. 


18, 


19, 


20, 


21 


}• 


01 


{ 


13, 


14, 


15, 


16, 


21 


}• 


02 


{ 


5, 


7, 


9, 


11, 


21 


h 


10 


{ 


10. 


11, 


12, 


16, 


20 




11 


{ 


8, 


9. 


12, 


15, 


19 


h 


12 


{ 


6, 


7. 


12, 


14, 


18 


}■ 


20 


{ 


2: 


4. 


9, 


14, 


20 


}■ 


21 


{ 


3: 


4. 


11, 


15, 


18 


}■ 


22 


{ 


1: 


4. 


7: 


16, 


19 


}■ 



Table 5.2. Linear words of 



There exist 12 quadratic words of type I, and 54 quadratic words of type II. 
The quadratic words of Cg are precisely these 66 words. The linear and quadratic 
words of Cg are explicitly presented in Tables IB~2l 15.31 and 15.41 

The following proposition can be checked easily: 

Proposition 5.1. Let £ — {aa'jbb'jCc'} be an element of L(AF). Then the qua- 
dratic word qi of type I is disjoint from the three linear words l aa > , l^y , l cc i containing 
T(£) e V. 

We define a homomorphism 

* : Ghcssc -> ©OP) 

by 

*G7)(C(oa')) := C(g(aa')) V(g)(T(£)) := T(g(£)). 
It is obvious that $ is injective. 

Proposition 5.2. The automorphism group Aut(C_g) of the code Cb coincides 
with the image of 4" . 
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2!) 



900,01,02 


{ 


1, 


2. 


3. 


4. 


G, 


8, 


10, 


12 


}■ 


900,10,20 


{ 


1- 


3. 


5, 


6. 


7, 


8, 


13, 


15 


h 


900,11,22 


{ 


2. 


3. 


5. 


6. 


10. 


11, 


13, 


14 


h 


900,12,21 


{ 


1- 


2- 


5. 


8. 


9, 


10, 


13, 


1G 


h 


901,10,22 


{ 


2- 


3. 


5. 


G. 


8, 


9. 


17, 


18 


}, 


901,11,21 


{ 


1, 


2- 


5, 


G. 


7. 


10, 


17, 


20 


}, 


901,12,20 


{ 


1, 


3. 


5. 


8. 


10. 


11, 


17, 


19 


}■ 


902,10,21 


{ 


1, 


2- 


G. 


8, 


13. 


14, 


17, 


19 


h 


902,11,20 


{ 


1. 


3. 


6, 


10, 


13. 


16, 


17, 


18 


h 


902,12,22 


{ 


2. 


3. 


8, 


10, 


13. 


15, 


17, 


20 


h 


910,11,12 


{ 


1. 


2- 


3. 


4, 


5, 


13, 


17, 


21 


h 


920,21,22 


{ 


5, 


G. 


8, 


10, 


12. 


13, 


17, 


21 


}■ 



Table 5.3. Quadratic words of type I in 



Proof. The above description of the linear and quadratic words in Cs shows that 
every element in the image of ^ preserves the sets of these words. Since Cg is 
generated by the word V <E Pow('P) and these words, the image of \& is contained 
in Aut(Cs). 

Suppose that a £ Aut(C_e) is given. A point P e V is a C-point if and only if 
there exists exactly one linear word in Cb that contains P. Hence a preserves the 
set of C-points. Via the bijection C : P(AF) = Im C, we obtain a unique element 
<7 € &(P(AF)) such that aoC = Co a holds. When P = C(aa'), the unique linear 
word in Cs containing P is just l aa >. The Hesse configuration on AF is recovered 
from Cs as follows; a set {aa' ,bb' ,cc'} of cardinality 3 is an element of L(AF) if 
and only if the three linear words l aa ', hf , led have a point in common. In this 
case, the common point of l aa /, Itb', led is just T({aa', bb', cc'}). Therefore we see 
that a £ Ghcsso, and that a oT = T o a holds. Thus a = *(<r). □ 

Let A be a parameter of the affine line A 1 . We define 7a : V — > P 2 by Table IB~5l 
We also denote by T = (T) the subgroup of Aut(Cs) of order 2 generated by 

T := {P2P 5 )(P3P 6 KP4P7)(PwPl3)(PllPl4)(Pl2Pl5){P20P2l), 

which corresponds to the automorphism of the Hesse configuration given by aa' i— > 
a' a. 

Proposition 5.3. The map A i— > 7a induces an isomorphism from A 1 \ {0, l,w,a)} 
to PGL(3,k)\Q B /T. 

Proof. First note that 7a is injective if and only if 

A ^ 0, A f 1 and A ^ uj 

hold. 

Suppose that A ^ 0,1, u and u). Then 7a is injective, and the image 7a {V) 
coincides with Z(dGB[X\), where Gi?[A] is given in Theorem 11.71 Moreover, for 
each linear word l aa > (resp. each quadratic word qi of type I) (resp. each quadratic 
word q' g e , of type II) of the code Cb, there exists a line L aa i containing j\(£ aa ') 
(resp. a conic curve Qi containing 7a (9^)) (resp. a conic curve Q' e gl containing 
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T(l) 


T(i') 




18 


19 


I 


1, 


3, 


6, 


8, 


9, 


11, 


14, 


16 


I 


18 


20 


{ 


2, 


3, 


(i. 


7, 


9, 


10, 


15. 


16 


} 


18 


21 


{ 


3, 


4, 


5, 


6, 


9, 


12. 


1.3. 


16 


} 


19 


20 


{ 


1, 


2, 


7, 


8, 


10, 


11, 


14. 


15 


} 


19 


21 


{ 


1, 


4, 


5, 


8, 


11, 


12. 


1.3. 


14 


} 


2(1 


21 


{ 


2, 


4, 


5, 


7, 


10, 


12. 


1.3. 


15 


} 


11 


12 


{ 


3, 


4, 


5, 


6, 


8, 


14. 


19, 


21 


} 


11 


16 


{ 


1, 


3, 


5, 


9, 


13, 


14, 


18. 


19 


} 


11 


20 


{ 


2, 


3, 


5, 


7, 


14, 


15. 


17. 


19 


} 


12 


16 


{ 


1, 


4, 


fi. 


8, 


9, 


13, 


18. 


21 


1 


12 


20 


{ 


2, 


4, 


(i. 


7, 


8, 


15, 


17. 


21 


} 


16 


20 


{ 


1, 


2, 


7. 


9, 


13, 


15, 


17. 


18 


} 


4 


9 


{ 


1, 


3, 


5, 


8, 


12, 


16, 


18. 


21 


} 


4 


14 


{ 


1, 


3, 


(i. 


11. 


12, 


13, 


19. 


21 


} 


4 


20 


{ 


1, 


3, 


7. 


10. 


12, 


15. 


17. 


21 


} 


9 


14 


{ 


5, 


6, 


8, 


11: 


13, 


Hi. 


18. 


19 


} 


9 


20 


{ 


5, 


7, 


8, 


10. 


15, 


16, 


17. 


18 


} 


14 


20 


{ 


6, 


7, 


10, 


11: 


13, 


15. 


17. 


19 


} 


14 


15 


{ 


2, 


3, 


fi. 


7, 


8, 


11, 


19. 


20 


} 


14 


16 


{ 


1, 


2, 


6, 


9, 


10, 


11. 


18. 


19 


} 


14 


21 


{ 


2, 


4, 


5, 


6, 


11, 


12. 


17. 


19 


} 


15 


16 


{ 


1, 


3, 


7, 


8, 


9, 


10. 


18. 


20 


} 


15 


21 


{ 


3, 


4, 


5, 


7, 


8, 


12. 


17. 


20 


} 


16 


21 


{ 


1, 


4, 


5, 


9, 


10, 


12. 


17. 


18 


} 


9 


12 


{ 


2, 


4, 


5, 


6, 


10, 


16, 


18. 


21 


} 


9 


15 


{ 


2, 


3, 


5, 


7, 


13, 


Hi. 


18. 


20 


} 


9 


19 


{ 


1, 


2, 


5, 


11. 


14, 


16, 


17. 


18 


} 


12 


15 


{ 


3, 


4, 


6, 


7, 


10. 


13, 


20. 


21 


} 


12 


19 


{ 


1, 


4, 


fi. 


10. 


11, 


14, 


17. 


21 


} 


15 


19 


{ 


1, 


3, 


7, 


11. 


13, 


14, 


17. 


20 


} 


4 


11 


{ 


1, 


2, 


5, 


10. 


12, 


14. 


19. 


21 


} 


4 


15 


{ 


1, 


2, 


7. 


8, 


12, 


1.3. 


20. 


21 


} 


4 


18 


{ 


1, 


2, 


6, 


9, 


12, 


Hi. 


17. 


21 


} 


11 


15 


{ 


5, 


7, 


8, 


10. 


13, 


14, 


19. 


20 


} 


11 


18 


{ 


5, 


6, 


9, 


10. 


14, 


Hi. 


17. 


19 


} 


15 


18 


{ 


6, 


7, 


8, 


9, 


13, 


16, 


17. 


20 


} 


7 


9 


J 
1 




2, 


fi. 


g 


15 


16 


18. 


20 


"i 


7 


11 


{ 


1, 


3^ 


(i. 


10. 


14, 


15, 


19. 


20 


} 


7 


21 


{ 


1, 


4, 


6, 


12. 


13, 


15. 


17. 


20 


} 


9 


11 


{ 


2, 


3, 


8, 


10. 


14, 


16, 


18. 


19 


} 


9 


21 


{ 


2, 


4, 


8, 


12. 


13, 


Hi. 


17. 


18 


} 


11 


21 


{ 


3, 


4, 


10, 


12. 


13, 


14, 


17. 


19 


} 


7 


12 


{ 


1, 


4, 


5, 


8, 


10, 


15. 


20. 


21 


} 


7 


14 


{ 


1, 


2, 


5, 


11. 


13, 


15, 


19. 


20 


} 


7 


18 


{ 


1, 


3, 


5, 


9, 


15, 


Hi. 


17. 


20 


} 


12 


14 


{ 


2, 


4, 


8, 


10. 


11, 


13, 


19. 


21 


} 


12 


18 


{ 


3, 


4, 


8, 


9, 


10, 


16, 


17. 


21 


} 


14 


18 


{ 


2, 


3, 


9, 


11. 


13, 


Hi. 


17, 


19 


} 


4 


7 


{ 


2, 


3, 


5, 


6, 


12, 


15, 


20, 


21 


} 


4 


16 


{ 


2, 


3, 


9, 


10. 


12, 


13, 


18, 


21 


} 


4 


19 


{ 


2, 


3, 


8, 


11. 


12, 


14, 


17, 


21 


} 


7 


16 


{ 


5, 


6, 


9, 


10: 


13, 


15. 


18. 


20 


} 


7 


19 


{ 


5, 


6, 


8, 


11. 


14, 


15, 


17. 


20 


} 


16 


19 


{ 


8, 


9, 


10, 


11: 


13, 


14. 


17. 


18 


} 



Table 5.4. Quadratic words of type II in Cb 



l>~Wii')) gi ven in Tables I5~BI 15.71 l5~Bl The conic curves in Tables I5~7l and |5~B1 are 

nonsingular because A ^ {0, 1,u>,uj}. Hence 7a is in Qb by Proposition 13.61 

Conversely, let 7' be an arbitrary element of Qb- We will show the following: 

Claim 5.4. There exists a unique triple 

(g,t,\) e PGL(3,k) x fx (k\{0,l,u,u}) 

such that g o 7' o t — 7^ holds. 

The points ^'(Pis), 7'(Pi6), 7'(-p2i) of Y(loi) are on a line, and the points 
7'(-Pl2), 7'(Pi6), 7'(p2o) of 7' (£10) are on another line. Hence there exists a unique 
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Pi 


7\(Pi) 


Pi = 


C(22) 


[A + 1, u)A + u, uo\ + u] 


P2 = 


C(20) 


[1, ujX + ui, w] 


p 3 = 


C(21) 


[A + w, 1,A+1] 


Pa = 


T(20,21,22) 


[1, w, w] 


P 5 = 


C(02) 


[A, o)A, o)A + Cu] 


Pe = 


C(12) 


[A + u), c<jA + u>, ujX] 


Pi = 


T(02, 12, 22) 


[1,W,U>] 


P S = 


C(ll) 


[A + 1,1, A] 


P9 = 


T(02,ll,20) 


[l,w,w] 


Pw = 


= C(10) 


[l,wA + l,0] 


Pll = 


= T(02, 10, 21) 


[l,w,0] 


Pl2 = 


= T(10, 11, 12) 


[1,1, oj 


Pl3 = 


= C(01) 


[A, 0, A + u>] 


Pl4 = 


= T(01, 12,20) 


[1,0, w] 


Pl5 = 


= T(01, 11,21) 


[1,0,1] 


Pl6 = 


= T(01,10,22) 


[1,0,0] 


Pn = 


= C(00) 


[0,A,1] 


Pis = 


= T(00,12,21) 


[0,1, w] 


Pl9 = 


= T(00, 11,22) 


[0,1,1] 


^20 = 


= T(00, 10,20) 


[0,1,0] 


P21 = 


= T(00,01,02) 


[0,0,1] 



Table 5.5. Definition of 7^ for Cb 



aa' 


The denning equation of L aa > 


00 


X = 


01 


Y = 


02 


X + ujY = 


10 


z = 


11 


X + Y + Z = 


12 


ujX + loY + Z = 


20 


ujX + Z = 


21 


X + uY + Z = 


22 


Y + Z = 



Table 5.6. Defining equations of the lines L aa > 



element g <G PGL(3, k) such that 7 := g o 7' satisfies the following: 

7 (Pi 6 ) = [1,0,0], 
(5.1) 7(^12) = [M,0], 7(^20) = [0,1,0], 

7 (Pi 5 ) = [1,0,1], 7(^21) = [0,0,1]. 

For aa' e P(AF), let L aa > C P 2 be the line containing 7(7 aa '), and let 

Zaa>X + ri aa iY + Caa>Z = 
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aa' 


bb' 


cc' 


The defining equation of Q a a',bb',cc' 


00 


01 


02 




(A + lD) X 2 + ljY 2 + (A + lo) Z 2 + XXY 


00 


10 


20 




(lu\ + 1) X 2 + (cjA + 1) Y 2 + luXZ 2 + ZX 


00 


11 


22 




-uj)X 2 + uiY 2 + luXZ 2 + (A + 1) XY + (A + 1) ZX 


00 


12 


21 




Y 2 + XZ 2 + (luX + 1) XY + (A + Q) ZX 


01 


10 


22 




{ujX + 1) X 2 + Y 2 + uXZ 2 + (A + Q) YZ 


01 


11 


21 




(ujX + 1) X 2 + XZ 2 +XY + YZ 


01 


12 


20 




-Cu)X 2 + Y 2 + XZ 2 + (ujX + lo)XY+(X + 1) YZ 


02 


11 


20 


wF 2 - 


f XZ 2 + (CuX + lu)XY+ (ujX + 1) YZ + (A + Q) ZX 


02 


12 


22 




{luX + 1) X 2 + ujXZ 2 + XY + ujYZ + ZX 


10 


11 


12 




(A + Q) X 2 + Y 2 + XYZ + XZX 


20 


21 


22 




(A + ui) X 2 + CjY 2 + XXY + QXYZ + XZX 



Table 5.7. Defining equations of the conic curves of type I 



be the defining equation of L aa > . By l|5.1|) , we can put 



Coo 


= 1, 


Voo 


= 0, 


Coo 


= 0, 


&i 


= 0, 


V01 


= 1, 


C01 


-0, 


£02 


= 1, 






C02 


= 0, 


ClO 


= 0, 


V10 


= 0, 


C10 


= 1, 


Cn 


= 1, 


Vn 


= 1. 


Cn 


= 1, 


Cl2 


= 1, 


V12 


= 1, 






^20 


= 1, 


V20 


= 0, 






6l 


= 1, 






C21 


= 1, 


£22 


= 0, 


V22 


= 1. 







The three lines L aa i, LbVi L CC ' are concurrent if {aa' ,bb' , cc'} £ L(AF). Hence we 
obtain a system of equations 





T]aa' 


Caa' 






Vbb' 


Cbb' 


= for every {aa\ bb', cc'} € L(AF) 




Vcd 


Ccc' 





A Grobner basis of the ideal generated by the left hand side of (|5.2|l in the poly- 
nomial ring fe [7702 j V21) C12, C20, C22] is calculated as follows: 

( 1 + C22: 1 + C20+%1, 1 + Cl2+^21, V02+V21, t + V2\+v\\ )■ 

Hence there are two solutions of this system of equations, 

??2i = V02 = w, C12 = C20 = w, C22 = 1, or 
V21 = V02 = C12 = C20 = C22 = 1, 
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T(l) 


T(i') 


The defining equation of Q ^ ^, 


18 


19 




i \ V 2 7 2 i , . \ v i 7V 
UAI -f- LtJ ^ -f- U!A^\ l -(- /. , \ 


18 


20 




"V^2 i /\ i i \ ^2 i /, , \ i i\"vv i 1 \ i 117V 


18 


21 




f \ l 1 \ \ ' 2 | \ 7 2 i /i i i\"vv l / \ l . ^ *7 "V 
fA + ljy f- ^ ( A -f 1IA I -(- ( A -f- (jj J Z X 


19 


20 




-\- Ul )SL -f- U> Y -f- {Ul A -f- 1 ) Z -f- {A -f- 1 ) JL Y -f- (_ A -f- Ul ) Z *\ 


19 


21 


OA 


1 , ,^ v2 1 ^ \ 1 , w2 1 , . \ <72 1 /,,\ 1 i\w 1 ('\ 1 1 \ 7 v 
-\- UJ ) X -\- {A -\- UJ ) Y -f WAZ -f-lUJA-t-llXi ^- 1 A + lli A 


20 


21 




. \ 1 1 ^ y2 i \?2 i , , \ ?2 i , . \ v v i v v 
A + 1 J X +J + UAZ -f- Ul AX y -f- Z X 


11 


12 




WA +(_aJA + OJ j )i + I WA + UJ ] r Z + Z A 


11 


16 




f < — 1 1k x r il _Lr"i\\^2 1 , , \ 7 2 1 / \ 1 iWy 


11 


20 




r* \ \"2 1 . ,y2 i , \ 7 2 i . . t \ i 7 _i_ \ 7 \~ 


12 


16 




f \ X y^ _1_ * — i f \ _l_ i"\\^2 i , . / \ _x 1 ^ V 7 ^ \ 7 V 
^ A -f- _J ^\ ^ Wl A T AJ i ^LiJ^A^X^iZ/^AZi^A 


12 


20 




f\_l_1^Tfc"2iv^2i \ V" 7 _1_ f Ik x H7y 


16 


20 




. \ i 1 \ y2 i ,— , "v^2 i , , \ y2 i /,— , \ i . ,w 7 i 7 v 
(UJ A -\- 1 ) A -f- Ul Y -\- Ul AZ -\- ( Ul A -\- Ul ) Y Z -\- Z 


4 


9 




. / \ l 1 \ V 2 i ,— , / \ l 1 \ y \ ' i , , / \ i 1 \ \ ' 7 7 v 
UlyA -\- l) Y + tt)^A + l_)Xj -\- UlyA -\- Yj Y Z -\- Z A 


4 


14 


(A + 


,-,\y2 i / , , \ i 1 \ v 2 i t ,— , \ i , ,\ v v i ^..\ i i \ v 7 i \ 7 v 
LU )A -\- (LtJA 1 ) Y + {UJ A -\- UJ ) Y -f- [LJA -j- IJr Z + AZA 


4 


20 




(A + tD)X 2 + cDY 2 + XXY + GjXYZ + (A + Gj)ZX 


9 


14 




uXY 2 + \Z 2 + XXY + liAYZ + (A + Gi)ZX 


9 


20 




u)Y 2 + AZ 2 + + u)Xy + (uA + i)rz + AZX 


14 


20 


(wA - 


l i)x 2 + uiY 2 + ui\z 2 + <i(A + i)xy + u(a + i)rz + zx 


14 


15 




XX 2 + (A + <i)Z 2 + uAXY + (A + tDjyZ 


14 


16 




(<iA + ui)X 2 + CuY 2 + uiZ 2 + (A + 1)XY + YZ 


14 


21 




GiX 2 + Y 2 + AZ 2 + uXY + (A + 1)VZ 


15 


16 




(lDX + lu)X 2 + Cu(X + 1)Z 2 + uiXY + (A + i)yz 


15 


21 




(A + 1)X 2 + AZ 2 + (A + f)XF + YZ 


16 


21 




(uJ + 1)X 2 +Y 2 + uiXZ 2 + uiXXY + (A + u>)Y Z 


9 


12 




GiY 2 + (A + iD)XY + luYZ + (A + 1)ZX 


9 


15 




AZ 2 + (lDX + ui)XY + uiXYZ + (A + ii)ZX 


9 


19 




Y 2 + iiAZ 2 + ulXY + (A + Gi)YZ + AZX 


12 


15 




(A + ii)X 2 + GiXY + (A + u>)YZ + AZX 


12 


19 


(uJ + 1)X 2 + uiY 2 + u>(A + 1)XY + uAYZ + (A + u>)ZX 


15 


19 


( 


iA + uj)X 2 + u,XZ 2 + (A + u)Xr + uYZ + (A + 1)ZX 


4 


11 




(uJ + 1)X 2 +Y 2 + uAXY + YZ + (A + ui)ZX 


4 


15 




(A + Cu)X 2 + (A + ii)X"V + <i(A + f)YZ + AZX 


4 


18 




oY ! + uXY + uAYZ + (A + 1)ZX 


11 


15 




(tSA + fj)X 2 + tjAZ 2 + uiXY + uiXYZ + (A + 1)ZX 


11 


18 




ujY 2 + GiXZ 2 + (A + tD)XY + u,(X + 1)YZ + AZX 


15 


18 




AZ 2 + uAXY + YZ + (A + iD)ZX 


7 


9 




(A + 1)Z 2 + uAXY + lu(X + 1)YZ + (A + 1)ZX 


7 


11 




f tj)X 2 + (uA + 1)Z 2 + uXY + OA + f)YZ + (A + Gi)ZX 


7 


21 




(uA + 1)X 2 + uAZ 2 + OA + f)XY + uYZ + ZX 


9 


11 




Y 2 + G)Z 2 + (uA + f)XY + uYZ + ZX 


9 


21 




oY ! + AZ 2 + uiXY + (uiX + 1)YZ + (A + iD)ZX 


11 


21 


(fi>A + 


o;)X 2 + uiY 2 + uiXZ 2 + uiXXY + ui(X + 1)Y Z + (A + 1)ZX 


7 


12 




(A + tD)X 2 + tiXY + (A + f)YZ + (A + ii)ZX 


7 


14 




(uiX + 1)X 2 + t^AZ 2 + (lDX + u>)XY + uAYZ + ZX 


7 


18 




AZ 2 + ui(X + 1)XY + YZ + AZX 


12 


14 




(A + tS)X 2 + Y 2 + ui(X + 1)XY + YZ + AZX 


12 


18 




uiY 2 + (lDX + ui)XY + uiXYZ + ZX 


14 


18 




Y 2 + AZ 2 + tiXY + (A + f)YZ + (A + Gi)ZX 


4 


7 




(A + 1)X 2 + (A + 1)XY + (<iA + ui)YZ + (A + 1)ZX 


4 


16 




(A + tD)X 2 + uiY 2 + XXY + u,YZ + AZX 


4 


19 




uiX 2 + ujY 2 + XY + wAYZ + ZX 


7 


16 




(uiX + 1)X 2 + uAZ 2 + XY + lDXYZ + ZX 


7 


19 




u)XX 2 + o;AZ 2 + XXY + uYZ + AZX 


16 


19 


(OA + u, 


)X 2 + ujY 2 + uiXZ 2 + (A + f)XY + (u)X + ui)YZ + (A + 1)ZX 



Table 5.8. Defining equations of the conic curves of type II 
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which are conjugate over F2. If the latter holds, then we replace 7 with go ° 7 ° T, 
where 

"10 

g := 1 
1 

so that we can assume the former always holds. The image of the T-points by 7 
is therefore equal to the ones given in Table 15.51 and the lines L aa i are given by 
equations in Table l5~l)l 

We next determine the coordinates of the image of C-points by 7. The point 
7(C(00)) = 7CP17) is on the line L o — {X = 0} and is different from 7(^20) = 
[0, 1, 0] and 7(^21) = [0, 0, 1]. Hence we can put 

(5.3) j(Pn) = [0, A, 1], 

where A is a parameter ^ 0. Let £,£\,£ 2 be three distinct elements of L(AF) that 
are parallel to each other. The conic curves Q satisfying the following conditions 
form a pencil PQe- 

(i) Q contains l{T{£i)) and j(T(£ 2 )), and 

(ii) Q is tangent to the lines L aa i, Lw, L cc i, where £ = {aa! ,bb' , cc'}. (Recall 
Definition 13.91 and Remark 13.101 ) 

Using the coordinates of the points j(T(£)) and the defining equations of the nine 
lines L aa i determined so far, we can calculate this pencil explicitly. By Proposi- 
tion 15.11 the conic curve Qe containing j(qe) is a nonsingular member of the pencil 
PQe- Starting from (|5.3() . we can determine the coordinates of r )(C(aa')) 1 and see 
that they coincide with Table l5~5l For example, consider £ = {01, 10, 22} 6 L(AF). 
We have 

£x = {02,11,20}, £ 2 = {00,12,21}. 
The pencil of conic curves passing through the points 

7(T(4)) - 7(^9) = [l,w, w], l{T{h)) = j(Pis) = [0,1, w], 

and tangent to the lines 

L O i={r = 0}, L 10 = {Z = 0}, L 22 = {Y + Z = Q} 

is spanned by the two conic curves defined by 

uoX 2 + CjY 2 + Z 2 = and ujX 2 + ujY 2 +YZ = 0. 

Because the conic curve Qi passes through 7(^17) = [0, A, 1], it is defined by 

\(ujX 2 + ujY 2 + Z 2 ) + (wA + 1){ujX 2 + ujY 2 + Y Z) = 0. 

The intersection points of Qi with the line L\ 2 = {ujX+ujY+Z = 0} are 7 (T(£ 2 )) = 
l(Pis) = [0, and j(C(12)) = j(P e ). Hence we obtain 

7(C(12)) = 7 (F 6 ) = [uj\ + 1, A + 1, A]. 

See Table I5~9l for the detail of the calculation. Thus we have proved that 7 is equal 
to 7a- Because 7^ is injective, A is not among {0, l,w}. 

There exists a unique conic curve containing 7a (9) for each quadratic word q 
of Cb , and the defining equations of those conic curves are given in Tables 15.71 
and 15.81 The smoothness of these curves implies that A ^w. Thus we have proved 
Claim |0| □ 



MODULI CURVES OF SUPERSINGULAR K3 SURFACES 35 



I 


Fx, F% 


Pi 


00,01,02 


loX 2 + loY 2 + Z 2 , loX 2 + uY 2 + XY 


(\ 2 +uj)/\ 2 


00,10,20 


X 2 +ujY 2 + Z 2 , X 2 + Y 2 + ZX 


(ujX 2 + 1)/A 2 


00,11,22 


ujX 2 + luY 2 + Z 2 , luX 2 + ljY 2 + XY + ZX 


(<I>A 2 +uj)/X 2 


00,12,21 


luY 2 + Z 2 , uiY 2 + luXY + ZX 


(A 2 + Cu)/X 2 


01, 10, 22 


ujX + loY + Z , ujX + ljY + YZ 


(wA + 1)/A 


01,11,21 


ujX 2 + Z 2 , X 2 + XY + YZ 


1/A 


01,12,20 


ujX 2 + Y 2 + Z 2 , ujX 2 + Y 2 + ujXY + YZ 


(A + l)/A 


02,10,21 


CbX 2 + Y 2 + Z 2 , ujX 2 + luY 2 + luYZ + ZX 


(uiX + Cu)/X 


02,11,20 


OjY 2 + Z 2 , ujY 2 + ujXY + ujYZ + ZX 


(X + Lj)/X 


02,12,22 


X 2 + Z 2 , X 2 + XY + luYZ + ZX 


Q/X 


10,11,12 


uX 2 + Y 2 , X 2 + YZ + ZX 


A 


20,21,22 


X 2 + Y 2 , X 2 + XY + u>YZ + ZX 


ujX 



Table 5.9. Basis {F 1 = 0,F 2 = 0} of the pencil PQ t and the 
member Qi = {F\ + ftgFi = 0} 



Remark 5.5. The polynomial GB[X] is the defining equation of the nodal splitting 
curve 

Loo U Lqi U Lio U Ln U Q^gi, 
where T(£) = P 16 and T(f ) = P 19 . See Proposition El 

Remark 5.6. Consider the projective plane (P 2 ) v of lines on P 2 . Let [U, V, W] be the 
homogeneous coordinates of (P 2 ) v dual to the homogeneous coordinates [X,Y,Z] 
of P 2 . Let E x be the cubic curve in (P 2 ) v defined by 

Co U 2 W + UW 2 + luX UV 2 + (luX + 1) V 2 W+ 

+ (luX + 1) VW 2 + CuX U 2 V + (u) + A) UVW = 0. 

Then the points r y\(C(P(AF))) correspond to the nine flex tangents to Ex, and the 
points j\(T(L(AF))) correspond to the twelve lines containing three flex points of 
Ex- 
Remark 5.7. When A = u>, the set ~f\(V) coincides with P 2 (F4), and the point 
[G£?[A]] 6 9Jt is equal to the Dolgachev-Kondo point. 

For each a £ Aut(Cs), we calculate the unique triple 

(g*,ta,X a ) e PGL(3, A(A)) x f x Jb(A) 
such that g a o (7^ o a) ot a = jx<* holds. The map a 1— > t a is a homomorphism from 
Aut(Cu) to f. We put N B := Ker(Aut(C B ) -> f ). 

Corollary 5.8. The space PGL(i, k)\Qg has exactly two connected components, 
each of which is isomorphic to A 1 \{0, 1, u), u)}. One of them is given, set-theoretically, 
by 

(PGL(3,k)\g B )+ :={ [ 7q ] I aek\{0,l,u,Q}}, 
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h 


■= { 


17. 


18, 


19, 


20, 


21 


h 


h 


■= { 


13. 


14, 


15. 


16, 


21 


h 


h 


■= { 


9. 


10, 


11. 


12, 


21 


h 


h 


■= { 


5, 


6, 


7, 


8. 


21 


h 


h 


■= { 


1. 


2, 


3, 


4- 


21 


}■ 



Table 6.1. Linear words of Cc 



and the other one is equal to ({PGL(3, k)\Qs) + ) • T. The group Nb acts on 

(PGL(3, k)\Qs) + , and the moduli curve 9JIb is equal to the quotient space (PGL(3, k)\Qs) + /N B . 

Consider the natural projection 

PB : A 1 \{0,l,w,O} S (PGL(3,k)\g B )+ m B = (PGL(3,k)\g B ) + /N B . 

For a € k \ {0,1, U),L)}, let P[a] denote the point of A 1 \ {0,1, u>,ui} given by 
A = a. Then pg(P[a]) £ QJts corresponds to the isomorphism class of the polarized 
supersingular K3 surface (-^GB[a]> Asbm)- The following is proved in the same way 
as Proposition ^. 71 

Proposition 5.9. The fiber p~j 3 1 (pB{P[ct])) is equal {P [</?]}, where tp runs through 
the set Tb in Theorem \1.7\ with A replaced by a. The group Aut (X q b [a] , J--GB [a]) 
is equal to the subgroup of PGL(i,k) generated by the elements in p. 2(1 . 

Corollary 5.10. We have WIb = Spec k[JB, 1/ 'Jb\, where 

J B = (A + ^) 12 /A 3 (A + 1) 3 (A + ^) 3 . 

The morphism ps is an etale Galois covering with Galois group Tb, which is iso- 
morphic to the alternating group 2U. 

Indeed the group Tb acts on the set {0, 1, cu, oo} as 2I4. 

6. The moduli curve corresponding to the code Cc 
In this section, we prove Theorem II. 81 

The linear words of Cc are listed in Table IH~T1 The list of quadratic words in 
Cc is omitted. The point P21 is special because every linear word contains it. The 
following can be checked directly by computer: 

Proposition 6.1. Let tfi : V ^> P 2 (F4) be the bijection given in Table 

(1) The linear words of Cc are precisely the words (A(F 4)) , where A are 
IF \-rational lines passing through 

0:= [O,O,1] = 0(P 21 ). 

(2) The quadratic words of Cc are precisely the words 0~ 1 (A(F4) + A'(F4)), 
where A and A' are distinct ¥ ^-rational lines that do not pass through O. 

Note that <f> embeds Cc into the Dolgachev-Kondo code Cdk- 

Corollary 6.2. For each quadratic word q in Cc, there exists a unique linear word 
I in Cc such that qf~)l = 0. 

From Remark 13.111 we obtain the following: 
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A( p \ 


n 1 nl 




— n n ii 


9\~2) — 


[1111 


wif P, , 




rk( V„\ — 

H>\"Z) — 


[1 1 , .1 


✓Af P, ^"l 


— [1 n n] 


A+( P \ 




01-^16 J 


= [1,0, w] 


HP 5 ) = 


[l,u>,w], 




= [0,1,1], 


<P(Pe) = 


[l,w,0], 


0(^18 ) 


= [o,i,o], 


<KPt) = 




0(^19) 


= [0,1, w] 


<t>(Ps) = 


[l,w,u>], 


0(^20 ) 


= [0,1, w] 


m) = 


[l,w,a>], 


0(^21 ) 


= [0,0,1]. 


<P(Pw) = 


[l.w.O], 






mi) = 


[l,u,u], 






<KPl2) = 


[l.w.l], 







Table 6.2. Bijection from P to P 2 (F 4 ) 



Corollary 6.3. Let I and I' be distinct linear words of Cc, and let Ai,A 2 G I 
(resp. B\,B2 G V) be distinct points not equal to P?\. Then there are exactly two 
quadratic words q and q' in Cc containing the points {A\, A2, B\, B2}. Moreover, 
if a linear word I" G Cc is disjoint from q, then I" is also disjoint from q' . 

For ai, a2, «3 G F4, we denote by A[aia2a3] the F4-rational line denned by 

ai X + a 2 Y + a 3 Z = 0, 

and by q[otict2Ct3, P1P2P3] G Cc the quadratic word 

0- 1 (A[a 1 a 2 a 3 ](F4)+A[/3 1 /3 2 /3 3 ](F 4 )). 

We put 

LG':={ ff GPGL(3,F 4 ) | g(0) = 0}. 
The automorphism group Aut(Cc) of the code Cc contains a subgroup 

LG := (j)- 1 o LG' o (f>. 
The order of LG is 2880. The group Aut(Cc) also contains the permutation 

T := (P3P4)(P 5 P 9 )(P e P W )(P7Pl2)(P8Pll)(Pl 5 Pl6)(Pl9P20) 

of V that corresponds, via the bijection 0, to the action of the conjugation u 
uj over F2 on P 2 (F4). It can be checked easily by computer that the following 
permutation is also contained in Aut(Cc): 

S := (PlP 3 )(P2P4)(P5P7)(P6Ps)(P9Pll)(Pl0Pl2)- 

The automorphisms T and S of Cc generate a subgroup isomorphic to the dihedral 
group of order 8 in Aut(Cc)- An ordered quartet 

(Ri, R2, R[, R'2) 
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/ 






{13, 14, 17, 18} 


g[101, Oil] = {7, 8, 11, 12, 13, 14, 17, 18} 
g[lll, 001] = {5, 6, 9, 10, 13, 14, 17, 18} 


k 


{13, 14, 17, 19} 


g]lwl, 011] = {2, 3, 10, 11, 13, 14, 17, 19} 
g[lll, Owl] = {1,4, 9, 12, 13, 14, 17, 19} 


h 


r i o i/i 17 on\ 
•[ lo, 14, 1 I , zU| 


n\A , A 0111 SO A £1 Q 1 Q 1/1 17 on\ 

qyiOJL, U11J — |z, 4, 0, o, lo, 14, 1/, ZUj 

g[lll, Owl] = {1, 3, 5, 7, 13, 14, 17, 20} 


7„ 


{13,14,18,19} 


g[101, Owl] = {2, 4, 5, 7, 13, 14, 18, 19} 
g[lwl, 001] = {1, 3, 6, 8, 13, 14, 18, 19} 




{13,14,18,20} 


g[101, Owl] = {2, 3, 9, 12, 13, 14, 18, 20} 
g[lwl, 001] = {1, 4, 10, 11, 13, 14, 18, 20} 


u 


{13,14,19,20} 


q[lu>l, Owl] = {7, 8, 9, 10, 13, 14, 19, 20} 
g[lwl, Owl] = {5, 6, 11, 12, 13, 14, 19, 20} 


h 



Table 6.3. List of the triples (/, {q, q'}, l v ) 



of points in P\{P2i} is called a marking quartet if P21, Pi, R2 are in a linear word, 
and P21, R[, R' 2 are in another linear word. There are 2880 marking quartets, and 
the action of LG on the set of marking quartets is simply transitive. 

Proposition 6.4. The group Aut(Cc) is generated by LG, T and S , and the order 
o/Aut(C c ) is 23040. 

Proof. Let a be an arbitrary element of Aut(Cc). Because (-P17, Pis, P13, P14) 
and (cr(Pi7), a(Pis), <r(Pi3), a{Pu)) are marking quartets, there exists an element 
t e LG such that tct(P) = P for i = 13,14,17,18,21. Because ra(h) = h and 
Tafo) = I21 we have 

{Ta(P 19 ),Ta(P 20 )} = {P19, P20} and {ra{P 1B ), ra(P 1G )} = {Pu,P w }- 

If to-(Piq) — P20, then we replace r by Tr. Therefore, modulo the subgroup 
generated by LG and T, we can assume that a has the following properties: 

(a-i) a fixes each of the seven points P13, P14, P17, Pis, P19, P20, P21, 

O-ii) {a(Pi 5 ),a(Pi 6 )} = {P 5 ,Pi 6 } 
Consider, for example, a set of four points {P13, P14, P17, Pis}, each of which is 
fixed by a. The two quadratic words containing them are 

<?[101, 011] = {2, 7, 12, 13, 18} + {2, 8, 11, 14, 17} = {7, 8, 11, 12, 13, 14, 17, 18}, 
g[lll,001] = {1,5,9,13, 17} + {1,6, 10, 14,18} = {5,6,9,10, 13,14, 17, 18}. 

Both of g[101,011] and g[lll,001] are disjoint from Z5. By Corollary 16. 21 we have 
= h- Considering other sets of four points fixed by er, we can show that 
a(U) = I4 and o-(h) = ^3. In Table ROl we list the triples (/,{(?, <?'}, Z„), where / 
is a set of four points pointwise fixed by er, {q, q'} is the pair of quadratic words 
containing /, and l u is the linear word disjoint from both of q and q' . Therefore we 
have the following: 
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(er-iii) a leaves each of the sets 

{P 1 ,P 2 ,P 3 ,P A }, {P 5 ,P e ,P 7 ,P 8 }, {P 9 ,P w ,P n ,Pi2} 
invariant. 

Let us consider the quadratic words q\ := g[101,011] and q 2 := g[lll, 001] again. 
Since 

{a(qi n l i ),a(q 2 n = {qi n U, q 2 H Z 4 }, 
the action of cr on {P5, Pg, P7, P 8 } preserves the decomposition 

{P 5 , P 6 , P7, P 8 } = {P>, Ps} U {P 7 , P 8 }; 

that is, {cr(Pg), cr(P6)} is either {P5, Pg} or {P7, P 8 }. By the same argument applied 
to the pairs {q, q'} of quadratic words in Table IHT^l we see the following: 

(<7-iv) a preserves the decompositions 

{P 1 ,P 2 ,P 3 ,P A } = {Pl,P4}U{P 2 ,P 3 } = {P l! P 3 }U{P 2 ,P 4 }, 
{P 5 ,P 6 ,P7,P 8 } = {P 5 ,P6}U{P 7! P 8 } = {P 5! P 7 }U{P 6 ,P 8 }, and 
{P 9 ,Pio,Pn,Pi 2 } = {P 9 ,Pio}U{Pii,Pi 2 } = {P 9 ,Pi 2 }U{Pio,Pii}. 
The two quadratic words containing {P13, Pi6, P17, Pis} are 

q[ull, 101] = {2,4,10,12,13,16,17,18} and 
g[lll,w01] = {1,3,9,11,13,16,17,18}, 

both of which are disjoint from I4. On the other hand, the two quadratic words 
containing {P 13 , P 15 , P 17 , P 18 } are 

g[wll,101] = {2,3,6,7,13,15,17,18} and 
g[lll,o)01] = {1,4,5,8,13,15,17,18}, 

both of which are disjoint from I3. Since a fixes each of Z4 and Z3, we see that the 
property (cr-ii) of a can be strengthened to the following: 

(tr-ii)' a(P u ) = P15, a(P w ) = Pie- 

Using computer, we can easily list all 4 3 = 64 permutations a satisfying (er-i), 
(cr-ii)', (cr-iii) and (cr-iv). We can check that exactly four of them id, S, 

(ST) 2 - (PiP 2 )(P 3 P4)(P 5 P6)(P7P 8 )(P9Pio)(PiiPi 2 ) and 

(ST) 2 S = (PlP4)(P 2 P3)(P 5 P8)(P 6 P7)(P9Pl2)(Pl0Pll) 

preserve the set of quadratic words in Cc- Hence, by Proposition 13.51 Aut(Cc) 
is generated by LG, S and T. It can be checked by computer that the order of 
Aut(Cc) is 23040. □ 

Let A be a parameter of the affine line A 1 . We define 7a : V — » P 2 by Table 1^41 
When A = 0, the map 7a is equal to (j>. Let T denote the subgroup of Aut(Cc) 
generated by the involution T. 

Proposition 6.5. The map A i— > 7a induces an isomorphism from A 1 \ {0, 1, w, uj} 
to PGL(3, k)\G c /T. 

Proof. First note that 7a is injective for every A. 
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>v, (PA 


[1 1 XI 


7AI/13J 




~, ( pA 


[1 1 \ -A- 11 
— [J., 1, A T J-J. 


7A (,-'14 J 


— [i n nl 

— [1,U, UJ, 




— [1,1, A-hWJ, 


7a 1-^15; 


[i n ,-,1 


7A(PlJ 


= [l,l,A + u>J, 


7a(Pi6) 


= [1,0, wj 


7a (P 5 ) 


= [1, d), cjA + cj], 


7a(Pit) 


= [0,1,1], 


7a (P 6 ) 


= [l.O.wA], 


7a (-Pis) 


= [0,1,0], 


7a (P 7 ) 


= [l,w,wA + l], 


7a (Pig) 


= [0,1,0] 


7a (P 8 ) 


= [1, a), ojA + Q], 


7a(P2o) 


= [0,1, u] 


7a (P 9 ) 


= [1, w, tDA + a)], 


7a(P*2i) 


= [0,0,1]. 


7a(-Pio) 


= [l,w,u;A], 






7a(Pii) 


= [1, cj, cjA + w], 






7a M 


= [l,w,OA + l], 







Table 6.4. Definition of 7a for Cc 



Claim 6.6. Let 7' be an arbitrary element of Gc- Then there exists a unique triple 

(g,t,\) e PGL(3,k) x f x (fc\ {0,1, w, O}) 
such that j o 7' o t = 7^. 

Since 7'(P 2 i), Y(Pi3), Y(Pu) are on a line, and 7'(P 2 i), Y(Pn), Y(Pis) are on 
another line, there exists a unique g £ PGL(3, k) such that 7 := g o 7' satisfies 

7 (P 21 ) = [0,0,1] = 0, 

j(Pxr) = [0,1,1], 7 (Pis) = [0,1,0], 

7 (P 13 ) = [1,0,1], 7(^14) = [1,0,0]. 

The X-coordinate of 7(Pj) is not for i = 1, ...,16, because otherwise 7 (Pi), 
j(Pn) and 7(P 2 i) would be collinear, and hence there would exist a linear word of 
Cc containing {Pi,Pi7,P2i} by Proposition ^. 91 Therefore there exist parameters 
0:1,0:2, 01, 02, U, Sij (i = 3,4, 5, j = 1, ... ,4) such that 7 is given by Table l6~51 
The lines L v containing the points "f(l v ) are defined by 

L a = {X = 0}, L 2 = {Y = 0}, 

L 3 = {Y = t 3 X}, U = {Y = UX}, L 5 = {Y = t 5 X}. 

Claim 6.7. t 5 = 1. 

Consider the quadratic word 

qi := {7, 8, 11, 12, 13, 14, 17, 18} = {2, 7, 12, 13, 18} + {2, 8, 11, 14, 17}, 

which passes through the four points P13, P14, P17, Pig, and is disjoint from the 
linear word £5. The conic curves containing the points 7(Pi3) = [1,0, 1], 7(Pi4) = 
[1, 0, 0], 7(Pi 7 ) = [0, 1, 1] and 7 (Pig) = [0, 1, 0] form a pencil 

aZ(X + Y + Z) + XY = (a G P 1 ). 
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7 (Pl) = [l,tB,«5,l] 

7 (P 2 ) = [l,t 5 ,«5,2] 

7 (P 3 ) = [1,*5,*5,3] 

7 (P 4 ) = [1,*5,*5,4] 

7(^5) = [l,*4,S4,l] 

7(-Pe) = [l,t4,s 4 ,2] 

7 (P 7 ) = [l,t4,«4,3] 

7(P 8 ) = [l,t 4 ,S4, 4 ] 

7 (P 9 ) - [l,t3,«3,l] 

7 (Pio) = [1, £3,53,2] 

7 (Pu) = [1,*3,*3,3] 

7(P 2 ) = [1,*3,*3,4] 



7 (Pl3 
7(P4 
7(Pl5 
7(Pl6 
7(Pl7 
7(P8 
l{Pl9 
7 (P20 
7 (P21 



= [1,0,1], 

= [1,0,0], 

= [02,0,1], 

= [&,0,1], 

= [0,1,1], 

= [0,1,0], 

= [0,01,1], 

= [0,01,1], 

= [0,0,1]. 



Table 6.5. Parametric presentation of 7 



The conic curve Q\ C P 2 containing 7(91) is a member of this pencil. Since Q\ 
is nonsingular, the value of the parameter a corresponding to Qi is not nor 00. 
Since Qi is tangent to the line L 5 = {Y = t 5 X}, we have a(l + t 5 ) = 0. Hence 



From the quadratic words that 

• contain exactly one of {P17, Pis}, 

• contain exactly one of {P13, P14}, and 

• are disjoint from Z5, 

we obtain the following relations: 

Claim 6.8. ct\ = a 2 (=: a), fl\ — ^i—'- P), ot + (3 = a(3. 

Consider, for example, the quadratic word 

q 2 := {6, 8, 9, 11, 14, 16, 17, 19} = {2, 6, 9, 16, 19} + {2, 8, 11, 14, 17}. 

Since the conic curve Q 2 containing 7(52) passes through the points 7(Pi 4 ) = [1,0, 0] 
and 7(Pi7) = [0, 1, 1] and is tangent to L 5 = {X = Y}, it is a member of the web 

a 1 (Y 2 + Z 2 )+a 2 XY + a 3 (Y 2 + YZ + ZX)=0 {[a u a 2 , a 3 ] € P 2 ) 

of conic curves. Since 7(Pi6) = [/?2,0, 1] € Q 2 , we have [3 2 = oxjoz- Since 7(Pig) = 
[0, ai,l] G Q 2 and ct\ ^ 1, we have a\ = o\j{o\ + 0-3). Therefore we obtain a 
relation a\ + [3 2 + ol\(3 2 = 0. 

From the quadratic words that contain exactly three of P17, Pis, P13, Pi4, wc 
obtain the following relations: 

Claim 6.9. a x + t 3 = 0, (3 x +t A = 0. 
1 + a 2 t 4 = 0, 1 + p 2 t 3 = 0. 
1 + a 2 + a 2 t 3 = 0, 1 + (i 2 + (3 2 t 4 = 0. 
ai + U + a-xU = 0, /3i + t 3 + /3ii 3 = 0. 



h = 1. 
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Consider, for example, the quadratic word 

q 3 := {2, 4, 10, 12, 13, 16, 17, 18} = {4, 7, 10, 16, 17} + {2, 7, 12, 13, 18}. 

Since the conic curve Q3 containing 7(33) passes through the points 7(^13) = 
[1, 0, 1], 7(Pi 7 ) = [0, 1, 1] and 7(Pi 8 ) = [0, 1, 0], it is a member of the web 

ai{X 2 + Z 2 + YZ) + cr 2 {X 2 + ZX) + a 3 XY = ([a u cr 2 , <j 3 ] G P 2 ) 

of conic curves. Since 7(Pi6) = [/?2,0, 1] is contained in Q 3 , we obtain 02 2 (ci + 
02) + 02&2 + ci = 0. Since Q 3 is tangent to the line L4 = {Y = t^X}, we have 
<4(T 1 + a 2 =0. Combining these two relations and ft ^ lj we obtain a relation 

1 + 02 + /3 2 <4 = 0. 

Combining Claims 15.716.91 we obtain the following two possibilities for the pa- 
rameters; 

ai = a 2 = UJ, 0i = 02 = w, < 3 = w, £4 = uj, t 5 = 1, or 
ol\ = a 2 — uj, 0i = 2 = UJ, t 3 = uj, ti = uj, t 5 = 1. 

If the latter holds, then we replace 7 by 7 o T so that we assume that the former 
always holds. 

Next we put 

A = [1,1, A], 

where A = S5.1 is a parameter. Using quadratic words that 

• contain exactly four points among li U l 2 , and 

• are not disjoint from 1$, 
we obtain the following: 

Claim 6.10. 

S5,i=A, S5 )2 =A + 1, s 5 , 3 = A + w, s 5) 4 = A + a>, 

s 4-1 = uj\ + uj, S42 = ^A, S43 = uj\ + 1, S4.4 = uj\ + uj, 

S34 = tI>A + UJ, S3,2 = uj\, S3^=Cj\ + UJ, S3 ) 4 = wA-|-l. 



Consider, for example, the quadratic word 

g 4 := {1, 2, 11, 12, 14, 16, 17, 20} = {1,8, 12, 16, 20} + {2, 8, 11, 14, 17}, 

which is disjoint from I4. Because there exists a conic curve Q4 that contains 7(^4) 
and is tangent to the line L4 = {Y = ljX}, the following matrix M is of rank < 6. 



" 1 


1 


A 2 


1 


A 


A 


1 


1 


S5,2 2 


1 


■35,2 


S5,2 


1 


UJ 


S 3 ,3 2 


UJ 


^3,3 


S3, 3 


1 


uj 


S 3 ,4 2 


uj 


WS 3 ,4 


S3,4 


1 

















UJ 





1 








UJ 





1 


1 





1 








UJ 


1 





UJ 





. 











Co 


1 
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Indeed, if the equation 

ai X 2 + a 2 Y 2 + a 3 Z 2 + a 4 XY + a 5 YZ + a 6 ZX = 

defines a conic curve containing 7(94) and tangent to L4, then a = \a\, a 2 , . . . , a 6 ] 
is a non-zero solution of Mx = 0. (The condition uja^ + a§ = is equivalent to 
the condition that the conic curve is tangent to L 4 .) Let M[ii, . . . , ig] denote the 
submatrix of M consisting of ij-th rows of M. Because 

det M [1, 2, 5, 7, 8, 9] = (s 5)2 + A) (s 5 , 2 + A + 1) 

and S5 ; 2 7^ 55,1 = A, we obtain s 5 2 = A + 1. Because 

det M[l, 3, 5, 7, 8, 9] = (s 3 , 3 + DA + 1) (s 3)3 +wA + w), 

we obtain 

s 3j 3 = d>A + 1 or d)A + u). 
Continuing the same calculations, we get the relations in Claim HT. 101 
Thus we have proved Claim |6~B1 

Conversely, suppose that A £ k \ {0, 1, ui, oi)} is given. Then ■yxi'P) is equal to 
Z(dGC[X\), where GC[A] is given in Theorem 1 1.81 Moreover, for every linear word 
I of Cc, there exists a line containing "f\(l) 7 and for every quadratic word q of 
Cc, there exists a unique conic curve containing J\(q). The defining equations 
of the 120 conic curves are omitted. These conic curves are nonsingular because 
A ^ {0, l,u),u>}. Hence 7a is in Qb by Proposition 13. 61 □ 

Remark 6.11. When A £ {0, 1, u),u>}, the set j\ (P) coincides with P 2 (F4), and the 
point [GC[A]] £ 971 is equal to the Dolgachev-Kondo point. 

For each a £ Aut(Cc), we calculate the unique triple 

(g <T ,t a ,\ r7 ) e PGL(3,k(\)) x fx k(\) 

such that g a o (7^ o a) ot a = 7a <* holds. The map o~ <—> t a is & homomorphism from 
Aut(Cc) to f. We put N c := Ker(Aut(C c ) -> f). 

Corollary 6.12. The space PGL(3, k)\Gc has exactly two connected components 

(PGL(3,k)\Gc) + :={ [7a] I a€k\{0,l,u},Q}} 

and ((PGL(3, k)\Qc) + ) ■ T, each of which is isomorphic to A 1 \ {0, 1,cj,cj}. The 
group Nc acts on {PGL{i,k)\Qc) + , and the moduli curve 9Jtc is equal to the 
quotient space {PGL{2>,k)\Qc) + /Nc ■ 

Consider the natural projection 

Pc '■ A 1 \ {0, 1, u, Co} = (PGL(3, k)\G c ) + — ► %Rc = (PGL(3, k)\g c ) + /N c . 

For a £ k \ {0,1, a;, a)}, let P[a\ denote the point of A 1 \ {0, 1,lo,u>} given by 
A = a. Then pc{P[ct\) G corresponds to the isomorphism class of the polarized 
supersingular A3 surface {Xcc[a\i £-GC\a}) ■ 

Proposition 6.13. We have 

p c 1 ( Pc (P[a})) = {P[ua + v} I u£F*,v£F 4 }. 

The group Aut {Xqc\qA , £gc[<x] ) * s equal to the subgroup l|1.3fl of PGL(3,k). 
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Corollary 6.14. We have DJl c = Spec k[J c , 1/Jc], where J c := (A 4 + A) 3 . The 
morphism pc is an etale Galois covering with Galois group Tc ■ 

7. Cremona transformations by quintic curves 

7.1. Preliminaries. Let Ei and E2 be disjoint sets of reduced points of P 2 with 
|Ej.| = n\ and |E 2 | = TI2, and let C Op 2 and Xs 2 C Op2 be the ideal sheaves 
defining Ei and E2. We define E to be the O-dimensional subscheme of P 2 defined 
by the ideal sheaf 

The length of Og, is ri\ +3ri2- Let d be a positive integer. The linear system 
consists of plane curves of degree d that pass through the points of Ei U E2 and are 
singular at each point of E2. 

Proposition 7.1. Suppose that the linear system \X^(d)\ is of dimension > 1 and 
has no fixed components. If 

(7.1) dim |2~ (d)| > {d + 2) !f +1) - (m + 3n 2 ) - 1, 

then there exists a projective plane curve of degree d — 3 that passes through all the 
points of E2 . 

Corollary 7.2. Suppose that the linear system \T^(d)\ is of dimension > 1 and 
has no fixed components. If d < 3 and n 2 > 0, then the dimension of the linear 
system is equal to (d + 2)(d + l)/2— (n% + 3ri2) — 1. 

Proof. We follow the argument in pp. 712-714]. From the exact sequence 

-> -► P 2{d) -> £ (d) -> 0, 

we obtain 

(7.2) ft°(P 2 , Z £ (d)) = (d + 2)(d + l)/2 - (ni + 3n 2 ) + h 1 (P 2 , 1 ^(d)) . 

Let (3 : S -> P 2 denote the blowing up of P 2 at the points of Ei U E 2 . We put 

Ax ^^(Si), A 2 :=/3- 1 (E 2 ), 

both of which are considered to be reduced divisors. Let if C 5* be the pull-back 
of a general line on P 2 . We put 

L := /3*O p2 (d) ® O s (-Ai - 2A 2 ) = O s (dH - A x - 2A 2 ). 

Because ^5 = — 3i7 + Ai + A 2 , we have 

L 2 = d 2 - m - 4n 2 , LK S = -3d + m + 2n 2 . 

The complete linear system \H\ = |/3*Cp2 (1) | on S is fixed component free. Since 
H(K S — L) = —d — 3 < 0, we have 

h 2 (S,L) = h°{S,K s -L) = 0. 

By the Riemann-Roch theorem, we obtain 

(7.3) h°{S, L) = (d + 2)(d + l)/2 - (m + 3n 2 ) + h l (S, L). 
There exists a canonical isomorphism 

(7.4) |J £ (d)| = |i| 
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that maps a member C of \l^(d)\ to the member (3*C — Ai — 2A 2 of From l|7.2l) . 
(|7"3|) and JE3J, we obtain 

(7.5) h 1 (F 2 ,l^(d))=h 1 (S,L). 

Using the assumption 1|7.1[) and the equalities i|7.2[l and l|7.5|l . we obtain 

(7.6) h 1 (S,L)>0. 

Since |Zg,(<i)| is of dimension > 1 and has no fixed components, we obtain by the 
isomorphism (|7.4Jl global sections s and s' of L such that the subscheme R = {s = 
s' = 0} of S is of dimension 0. Let Ir C Os be the ideal sheaf defining R. From 
the Koszul complex 

— > Os(Ks-L) ^ Os(K s )®Os(K s ) T{ ^U s) I R (K S + L) — > 

and h°(S,O s (Ks)) = h^OsiKs)) = 0, we obtain 

^(5, L) = hHS,O s (.Kg - £)) = h°(l R (K s + L)). 

From 17. 6f) . we see that the linear system 1X^(^5+^)1 is non-empty. Since Ks+L = 
fi*0 V 2{d— i)®Os{— A 2 ), a member of \1r(Ks+L)\ is mapped by /3 to a projective 
plane curve of degree d — 3 that passes through the points of £2- □ 

Definition 7.3. Let F be an effective divisor of P 2 . We put 

Si := (Ei \ (Ei n F)) U (E 2 n F°), E 2 := E 2 \ (E 2 n F), 

where F° is the locus of all p G Supp(i 7 ') at which F is reduced and nonsingular. 
We then define E \ F to be the 0-dimensional subscheme of P 2 defined by the ideal 
sheaf 

If F is a fixed component of then C C — F gives an isomorphism 

|J £ (d)| = \l^ F (d-tegF)\ 
of linear systems. By the definition, we have 

(7.7) Z\(F 1 +F 2 ) = (E\Fi)\F 2 

for any effective (not necessarily distinct) divisors i*i and F 2 of P 2 . 

7.2. A homaloidal system of quintic curves. Let E = {pi, . . . ,pq} be a set of 
distinct six points of P 2 satisfying the following: 

(El) no three points of E are collinear, and 
(E2) there are no conic curves containing E. 

These conditions are equivalent to the following: 

(E3) for each ^ £ E, there exists a nonsingular conic curve N[ C P 2 that contains 
E \ {pi} and does not contain pi. 

Proposition 7.4. The linear system |X E (5)| of quintic curves that pass through 
the points of E and are singular at each point of E is of dimension 2, and has no 
fixed components. 
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Proof. Because each point of S imposes three linear conditions on |Opa(5)|, we have 
dim|X £ (5)| > 2. 

Suppose that |l|(5)| has a fixed component. Let F be the fixed component, 
and let 

F = Fi + • ■ ■ + Fn 

be the decomposition into the reduced irreducible components of F, where non- 
reduced components are expressed by repetition of summation. We have 

deg F = deg F\ H h deg F N > 0. 

As in the previous subsection, we denote by E the 0-dimensional subscheme of P 2 
defined by the ideal sheaf X\. We will consider the linear system |Z~,, ^(5 — degF)|, 
which has no fixed components and is of dimension equal to dim |Xg(5)| > 2. For 
v = 0, . . . , N, we define reduced 0-dimensional subschemes E^ and Ej of P 2 by 

X S\(F 1 + ...+_F„) = ^s*"' 2 -^'- 

Then 

| E (H-l)| = | E M|_ i+j _ fcj |E^ +1 )|=|E^|-i, 

where 

i:=\^nF v+1 \, j := lE^n^+xl, fc := |£<"> n SingF„ +1 |. 

The integers i, j and k are subject to the following conditions: 

• i + j < 2 and fc = if degF„ + i = 1, because of (El), 

• i + j < 5 and fc = if dcgF„ + i = 2, because of (E2), 

• fc < 1 if deg.Fi/-i_i = 3, because an irreducible cubic curve has at most one 
singular point, and 

• fc < 4 if degF„ + i = 4, because if fc > 5, there would exist a conic curve C 
with CF U+1 > 10. 

Since |_Z" E (5)| = |X„(w)X 2 (N ) (5 — degF)| is of dimension > 2 and fixed component 
free, we have 

degF = 4 lE^l^l and \?!£* ) \=Q, 

degF = 3 =► |£^°|<4 and |£f°|=0. 

We put 

S := (6 - degF)(7 - degF)/2 - (|E^| + 3|sf >|) - 1. 
From Corollarv l7.2l we also have 

degF>2 and 2 > S \T^ N) \=0. 

Using these considerations, we see that the triple (|Ef°|, |E^|,degF) is one of 
the following: 

(0,6,1), (1,5,1), (2,4,1). 
For these triples, however, we have |__~^ F (5 — degF)| = 0, because otherwise, 
there would exist an irreducible quartic curve C4 and a conic curve C2 such that 
C4C2 > 8. Thus we have proved that |Zj,(5)| is fixed component free. 

If dim|Tg(5)| > 2, then, by Proposition l7.il there would exists a conic curve 
that contains E, which contradicts (E2). □ 
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Remark 7.5. Recall from (E3) that N- C P 2 is the conic curve such that N- flE = 
E \ {pi}- Let Q be a general member of |X S (5)|. Since N[Q — 10 for each i, the 
multiplicity of Q at each point of E is 2. 

Let (3 : S — > P 2 be the blowing up of P 2 at the points of E, and let M t be the 
exceptional (reduced) divisor (5~ 1 (pi). We put 

L := /rO p2 (5) ® O s (-2Mi 2M 6 ). 

Let A 7 * be the strict transform of N- by /3. We have L 2 — 1, iV^L = and TV 2 = -1. 

Proposition 7.6. The complete linear system \L\ on S has no base points, and the 
morphism '■ S — > P 2 defined by \L\ is the contraction of the curves N±, . . . , A^. 
Let p\ be the image of Ni by $|l|- Then E' = {p' 1: . . . ,p' 6 } satisfies the condition 
(S3). 

Proof. By Proposition l7.4l the complete linear system \L\ on S is of dimension 2 and 
has no fixed components. Suppose that \L\ has a base point p € S. Let (3 : S — * S 
be the blowing up of S at p, and let M' be the exceptional divisor P~ 1 (p) of j3. Since 
i 2 = 1, the complete linear system \L\ of the line bundle L := (3*L ® Og(—M') 
is of dimension 2 and has no fixed components. We have KgL — —2, and hence 
h 2 (S,L) = h°(S,Og(Kg — i)) = follows. By Riemann-Roch theorem, we have 
/i 1 (S',i) = h (S,Kg — L) = 1. Using the argument of Koszul complex as in the 
proof of Proposition 17.11 we see that h°(S,Og(Kg + L)) > 0. Hence there exists 
a conic curve in P 2 that passes through the points of E, which contradicts (E2). 
Thus \L\ has no base points. 

Since L 2 = 1, the morphism is of degree 1. Because A^L = 0, the curves JV, 
are contracted by . Let C be a reduced irreducible curve on S that is contracted 
by $| L |. Because M,L = 2, we have C ^ Mi and hence C := /3(C) C P 2 is a 
reduced irreducible curve. We will show that C is equal to one of the conic curves 
iV/. Let d be the degree of C . We have 

/3*(C") = C + rmMi + • • • + m 6 M 6 , 

where rrij is the multiplicity of C at jjj. The condition CL = implies 

5c? = 2(mi + • ■ ■ + me). 

If C" is not equal to N[ for any i, then 

CiV- = 2d > (mi H h m e ) - m* = 5d/2 - m, 

holds for each i. Hence 2rrii > d for i = 1, . . . , 6. Therefore 5<i = 2^2 nij > 6d, 
which is absurd. Thus we have proved that is the contraction of the (— l)-curves 
N U ...,N 6 . 

Since Mji = 2, the image of Mj by $|^| is a nonsingular conic curve. Because 
MiNj = if and only if i = j, the conic curve (Mj) satisfies 

$i i ,(M i )ns , = SJ'\{p5}. 

Hence E' satisfies (E3). □ 

Corollary 7.7. T/ie rational map 

CT S : P 2 * P 2 
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defined by the linear system \I^(5)\ is birational, and the inverse map is given by 
CT E ,. 

We will write 

P' : S -> P 2 

instead of Let H and H' be the pull-backs of a general line of P 2 by P and 

P', respectively. We put 

m; : =/3'(mo, 

which is a nonsingular conic curve containing £' \ {p'j} and not passing through p[. 
We also put 

U:=S\ (U^ U U M M ■ 
\i=i i=i / 

The morphisms P and /3' induce isomorphisms 

(7.8) p 2 \utv; = u = p 2 \um;. 

The Picard group Pic S of S is a free Z-module of rank 7, and is generated by the 
linear equivalence classes [H], [Mi], . . . , [M e ], or by the linear equivalence classes 
[H'\ , [iVi] , . . . , [N 6 ] ■ They are related by 

6 6 

[H'\ = 5[H] - 2$>^]. [Ni] = 2[H] - ^[M,-] + [Mi] (i = 1, . . . , 6). 
i=i 2=1 
In particular, we have 

(7.9) 3[fl]-X)[M J ] = 3[H']-X;[JV J -] 

2=1 2=1 

in Pic S. 

7.3. Cremona transformations of supersingular K3 surfaces. Let G be a 

homogeneous polynomial in U, and let E = {pi, . . . ,pg} be a subset of Z(dG) with 
|S| = 6. We assume that S satisfies the condition (El) and 

(£2)' for each pi £ E, the nonsingular conic curve N[ containing E \ {pi} satisfies 
N!nZ(dG)= E\{ Pi }. 

Then the subset 

Z' :=CT s (Z(dG)\E) U E' 
of P 2 is well-defined and consists of 21 points. 

Proposition 7.8. There exists G' eU such that Z' = Z(dG'). 

For the proof of Proposition [^5] we first show the following: 

Lemma 7.9. There exists G\ 6 U that satisfies Z(dG) = Z{dG\) and G\(pi) = 
for each pi 6 E . 

Proof. By (El) and (£2)', the points of E impose independent linear conditions 
on the linear system | Cp2 ( 3 ) | . (See p. 715].) Hence there exists a homogeneous 
cubic polynomial H such that (G + H 2 )(pi) = holds for each p, 6 E. Then 
Gi := G + H 2 satisfies Z(dG) = Z(dG x ). □ 
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We replace G by Gi in Lemma \7. 91 Then the sextic curve D defined by G = 
is reduced and has an ordinary node at each point of S. Hence 

6 

D := (3*D- 2^ Mj 

3 = 1 

is a reduced effective divisor of S, and it does not contain any of Mj. 

Proof of Proposition \ 7. 8\ Let D' be the image of D by j3'. Since DH 1 = 6, D' is 
a reduced curve of degree 6. Let G' — be the defining equation of D'. We will 
show that Z' = Z(dG'). It is enough to show that Z(dG') is of dimension and 
that Z' C^Z(dG'). 

Since DNj = 2 for each Nj , we have 

6 

D := 0*D' -2^2Nj. 

i=i 

Because D is effective, we have SingD' D E'. Hence E' C Z(dG'). We put 

6 6 

y/UH) := O s (3H - Y, Mj) = £>s(3H' - £ Nj). 

3=1 3=1 

Let G be a global section of 

y^L{Hf 2 = L(H) = O s (6H - 2 £ Af,-) = S (6#' - 2 ]T iV,) 

such that G = defines 13. Let m and n be global sections of CsQZ-^i) an d 
O s {J2 Nj) such that £ Mj = {m = 0} and £ iV, = {n = 0}. We can choose them 
so that 

(7.10) f3*G = G-m 2 and j3'*G' = G ■ n 2 
hold. We define isomorphisms 

(7.11) /3*0 P 2(3)\U Si ^L{H)\U S /5'*C P 2 (3) | 

of line bundles on U by multiplications by m and n. We can define dG, d((3*G) and 
d(0'*G') as global sections of the vector bundles fij, ® y/lJjTf 2 , <g) /3*C P 2 (3)® 2 
and ^ /3'*0 P 2(3)® 2 , respectively. By (fT7TTTf> and lf7TT|) . we get 

0~ 1 (Z(dG) \ E) = 0- x (Z(dG) n (P 2 \ UiVj)) = /T^Z^G)) n 17 

= Z(d(/?*G|C/)) = Z(d(G|tf)) = Z(d(/3'*G'|£/)) 

= /3 ,_1 (Z(dG')) n £7 = /3 ,_1 (Z(dG') n (P 2 \ UMj)). 

Hence we get Z(dG') n (P 2 \ UMj) = CT s (Z(dG) \ E). In particular, we have 
CT E (Z(dG)\E) c Z(dG'). 

If dim Z(dG') > 0, then one of the conic curves Mj is contained in Z(dG'). 

Suppose that M' k C Z(dG'). ThenM^ C Z(dG) holds. We choose affine coordinates 
(x,y) of P 2 such that pk = /3(-M&) is the origin. Let 

g(x,y) = Y a i3 xl y 3 

i+j<6 
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be the inhomogeneous polynomial corresponding to G. Since pk = (0, 0) E £ is 
contained in SingZ), we have 

dij = for i + j < 1 . 
Let the blowing up /3 be given by 

(u, v) i— > (x, y) = (uu, u) 
around a point of Mk- Then G is written in terms of the coordinates (it, v) as 
g(u,v) = f3*g/v 2 = ]T aytiV +J '- 2 . 

2<»+i<6 

Since dG is zero along the curve = {v = 0} by the assumption, we have 

^-{u, 0) = an = 0. 
ait 

This contradicts the fact that pk is a reduced point of Z(dG). □ 

Proposition 7.10. Let G and G' be as above. Then the Cremona transformation 
CTs o/P 2 lifts to an isomorphism 

CT S : X G —>■ X G * 

of supersingular K2> surfaces. 

Proof. Let Y be the subvariety of the total space of the line bundle a/ L(H) defined 
by W 2 = G, where G is the global section of yj L(H) = L(H) introduced in the 
proof of Proposition 17.81 and W is the fiber coordinate of \/L{H). From (|7.10() 
and H7.11fl . we obtain isomorphisms 

X G |(P 2 \UA?p a* Y\U S ^ G ,|(P 2 \UMj) 

that are compatible with the isomorphisms (|7.8(l . Since if 3 surfaces are minimal, 
the isomorphism between Zariski open subsets of X G and Xg< extends to an iso- 
morphism between Xq and ■ Q 

Remark 7.11. We describe the action of CTs on the numerical Neron-Severi lattices 
of the supersingular K3 surfaces. We number the points of Z(dG) and Z(dG') in 
such a way that 

£ = {pi, . . . ,p 6 }, Z(dG) = EU {p 7 , . . . ,p 2 i}, 

£' = {pi, . . . ,pa, Z(dG') = £' U {p' 7 , . . . ,p 21 }, 

where p^ = CTs(pi) for i = 7, ...,21. Let Ei C X G be the (— 2)-curve that is 
contracted to pi E P 2 , and E[ c Xc the (— 2)-curve that is contracted to p[ E P 2 . 
Then NS(X G ) ® z Q is generated by [J5 X ], . . . , [-E 2i ], [£(?], and NS{X G >) ®z Q is 
generated by [^], . . . , [E^], [Cc]- Since CTs(pi) = p- for i > 6, we have 

CT*z{[E^) = [E i ] for * > 6. 

The exceptional curve Ni on S contracted to p\ by f3' : 5 — > P 2 is mapped by 
/3 : S — > P 2 to the nonsingular conic curve iV? such that n Z(dG) = £ \ {p.;}. 
Hence 

6 

CTs([£fl) = 2[£ G ] - + [Ei] for i = 1, . . . , 6. 

3=1 
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The pull-back of a general line of P 2 by CTs : P 2 • • • — * P 2 is a quintic curve Q 
such that Q n Z(dG) = £ and that the multiplicity of Q at each point of E is 2 
(Remark ES} . Thus 

6 

CTl({£ G ,}) = 5[£ G }-2j2m. 

— - # 

These formula describe the homomorphism CT S ®% Q from NS(Xc) <8>z Q to 
NS(X G )(g> z Q. 

Remark 7.12. Suppose that the point [G'] £ Wl corresponding to G' £ U in 
Proposition 17.81 coincides with the point [G] £ VJl. Then the Cremona trans- 
formation CTs defines a right coset in Aut(Xc) with respect to the subgroup 
Aut(Xo, £q) C Aut(Xc). Indeed, the assumption [G] = [G 1 ] implies the existence 
of a linear isomorphism g : P 2 ^ P 2 such that g{Z(dG')) = Z{dG). Let g £ GL(3, k) 
be a lift of g £ PGL(3, k). Then there exists c £ k x and H £ H°(P 2 , <D V 2 (3)) such 
that g*G = cG' + H 2 . Let X G and X G > be defined by W 2 = G(X,Y,Z) and 
W' 2 — G'(X, Y, Z), respectively. We have a lift g : Xq* ^> Xq of g given by 

g*W = y/cW + H. 

The composite g o CT^ is an automorphism of Xq. Since the linear isomorphism 
g is unique up to the group 

{h£PGL{3,k) | h{Z(dG)) = Z{dG) } = Aut(X G ,C G ), 

the automorphism g o CTs £ Aut(Xc) is also unique up to Aut(X<3, Cq)- 

8. The isomorphism correspondences by Cremona transformations 

8.1. The action of Cremona transformations on the moduli space. Let C 

be a code satisfying the conditions in (ii) of Theorem 12.41 For 7 £ Qc, , we denote 
by G 1 £ U a homogeneous polynomial such that "f(V) — Z{dG 1 ). Let c £ Pow("P) 
be a word of weight 6. Recall from Definition !!. Ill that 7(c) is a center of Cremona 
transformation for G 7 if no three points of 7(c) are collinear and there are no 
nonsingular conic curves C C P 2 such that \C fl 7(c) | > 5 and \C fl 7('P)| > 6. 
By Propositions 12 . 91 12 . 1 01 and 12 . 1 71 we see that the following conditions on a word 
c £ Pow("P) of weight 6 is equivalent to each other: 

• the word c satisfies the following: 

(i) \c n l\ < 2 for any linear word I of C, and 

(ii) |c f~1 q\ < 4 for any quadratic word q of C, 

• there exists 7 £ Qc such that 7(c) is a center of Cremona transformation 
for Gj, and 

• for arbitrary 7 £ Qc, 7(c) is a center of Cremona transformation for G 7 . 

Definition 8.1. A word c £ Pow^) of weight 6 is called a center of Cremona 
transformation with respect to C if the above conditions are satisfied. 

Let c be a center of Cremona transformation with respect to C. For 7 £ Qc, we 
put 

E:=7(c), 

and consider the Cremona transformation CT^ . We put 

Z; c := { CT E ( 7 (P)) I Penc}U{pi,.,?' 6 }. 
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where p\ is the image of the strict transform Ni C S of the conic curve N£ that 
contains 7(c) \ {pi}- By Proposition 17.81 there exists a polynomial G^ c £ U such 
that Z' = Z(dG' 1 c ). Even though the polynomial G' 7 c is not uniquely determined, 
the corresponding point [G' c ] € 97t is uniquely determined by c and 7. The map 
7 1 ► [G 1 c ] gives a morphism from Qc to 971. It is obvious that this morphism 
descends to the morphism 

ct c : PGL(3, k)\g c -> 371. 

8.2. The case where Artin invariant is 2. Let T be A, B or C, and let c £ 

Pow(P) be a center of Cremona transformation with respect to Ct- The image by 
ct c of the connected component 

(PGL(3,k)\G T )+ = { [ 7A ] I A G A 1 \ {0,1, w, u>}} 

of PGL(3, k)\Qx is a connected component of 971 2 = 971 a U 971b U 971c, and hence 
there exists T 1 6 {A, B, C} such that ct c yields a morphism 

ct+ c : {PGL(3,k)\g T )+ -» 97t T '. 
Using ct^ and the quotient morphism 

p T : (PGL(3, k)\g T ) + -» 97t T 

by iVy = Ker(Aut(CT) — > we obtain an irreducible isomorphism correspon- 
dence 

Dt,t>[c] :={(pT([7]),ct+ c ([ 7 ])) I [ 7 ]e( J PGi(3,/c)\^ T )+} c 97t T x 97l T ,. 
For cr S A^t, we have 

ct c ([7°o-]) =ct CT(c) ([ 7 ]). 
Hence the type T' and the correspondence Dt,t'[c) depends only on the orbit of 
c under the action of Nt- We present in Table l%"71 the decomposition of the set 
of centers of Cremona transformation with respect to Ct into the orbits under 
the action of Nt- For each orbit, the type T' and the defining equation of the 
isomorphism correspondence Dt,t> [c] are also given. 

We will explain the algorithm for obtaining the defining equation of Dt,t> [c] • 
For example, consider the case where T = A and c = {Pi, P4, Pq, Pg, P12, £20}- 
The six points S = 7 a(c) = {pi, . . . ,pe} are as follows: 

Pi :=7a(Pi) = [l,w,0], Pi := 7 a(P 9 ) = [1,1,1], 

P2 := 7a(P 4 ) = [1 + A, A, 1], P5 := 7A (P 12 ) = [0, 1, 0], 

Pa :=7a(P 6 ) = [A,l + A,l], p 6 := 7 a(P 20 ) = [0,0,1]. 

Solving linear equations, we see that the 3-dimensional linear space 7?°(P 2 , X|(5)) 
is generated by the homogeneous quintic polynomials in Table 18.21 The Cremona 
transformation CTs : P 2 • • • — > P 2 is given by 

[X,Y,Z]^[F 1 ,F 2 ,F 3 ]. 

The points 7a (Pi) (Pi ^ c) is mapped by CTe to the points in Table The conic 
curve A{ C P 2 containing S \ {pi} is defined by 

E l := X 2 + (A 2 + \)YZ + (A 2 + A + l)ZX = 0. 

Let V\ be the vector space of cubic homogeneous polynomials C such that E%C is 
a member of P°(P 2 , X E (5)). Then we have dimli = 2, and the image of the linear 
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T 




\Nt ■ c\ 


T' 




A 


S 1 9 8 10 1^ 161 


12 


A 


A — n 


A 


{ 1 7 8 1 R 1 8 91 1 
\L, 1 , o, id, 10, zij- 


144 


A 


di = n 


A 


Jo i a 11 izt 161 


^76 


ft 


D2 = n 


A 


11 4 6 9 12 2flT 

I 1 ! ^ u ; y 7 ±z > ZIJ J 


72 


A 


D3 = n 


A 


12 8 10 12 14 21 "V 


72 


A 


D3 = n 


A 


IR 8 Q ID 14 161- 


48 


A 


a = n 


A 


•f4 Q 1 9 Ifi 1 7 1 81 


24 


A 


a = n 


A 


11 2 Q in 16 1 Ql 


36 


A 


a = n 


A 


17 12 IS 14 1Q 2nl 


36 


A 


a = n 


A 


12 fi 9 in 13 211 


48 


C 


D4 = n 


A 


19 5 1 1 1 3 1 7 91 1 


576 


A 


di = n 


ft 


19 7 8 Q If) 171 


216 


ft 


A — n 


ft 


ri 9 11 19 1 q 1 81 

I 1 ! Z ) iz > J- ; J-"/ 


79 


ft 


n^, — n 


ft 


J 4 c; e in 10 iql 

14, d, U, 1VJ, I'J, 


^4 


ft 


A — n 


ft 


14 7 1 9 1 ^ 9n 91 1 

1^1 ' J 1Z ! iJ ) ZU ! Z1 / 


6 


ft 


A — n 


R 


r 1 9 r in 14 i«\ 


^4 


R 


A — n 


ft 


13 5 14 16 1Q 9nl 


108 


ft 


a = n 


ft 


1 1 3 S 12 13 171 


108 


ft 


a = n 


ft 


1 1 5 fi Ifi 20 211 


216 


A 


D6 = n 


ft 


|9 6 9 13 16 181 


36 


B 


a = n 


B 


{3, 7, 8, in, 19,21} 


216 


B 


D5 = n 


B 


{2,5,9,16, 18,19} 


108 


B 


A = n 


B 


{1,3,5,15,19,21} 


72 


B 


D5 = n 


B 


{2, 6, 7, 16, 20, 21} 


108 


B 


A = n 


C 


{3,5,9,13,17,21} 


960 


A 


D7 = n 


C 


{3,5, in, 14, 17,21} 


64 


C 


D8 = n 


c 


{1,5,8, 10, 14,18} 


960 


C 


A = n 


c 


{1,2,5,8, 18, 19} 


240 


C 


A = n 



A := J T + J T > , 

D\ i— t/^ 1 / i/j 1 ~h tT'j 1 / t/y H - i/j"/ Jt ~\~ J'j'i Jt H~ (/j 1 / J'j' ~\~ Jqp> Jyp -\- J'j'i Jt ~\~ Jt' Jt ~\~ 

-\-JtiJt ~h Jt' Jt H~ Jt'Jt H~ Jt'Jt H~ Jt'Jt H~ ^t' "I - Jt'Jt H~ Jt'Jt ~t~ ^T) 

_D2 := Jj- + i/p/ Jt ~h Jt 7 H - -^t 7 4* </t ; j 

-D3 := Jt'Jt Jt'Jt Jt'Jt Jt'Jt ~\~ 1, 

-D4 := Jj>/ Jj- + J^' <^t H~ ^t' 4" Jt' H~ ^t, 

-D5 := Jt'Jt 4" Jt'Jt H~ Jt'Jt ~^ Jt'Jt ~^ Jt'Jt ~\~ Jt'Jt Jt'Jt lj 

Z)6 := (7j>/ 4" Jt' 4- </t ; <^t H~ -^t 7 <^t 4- Jt, 

-D7 := Jt' H~ ^t' + Jt' Jt 4" Jt' H~ Jt, 

Z)8 := Jj 1 ' Jt H~ ^t' <^t + Jt' ^t H - ^t' ^t H - -^t 7 H~ ^t' <^t + Jt' Jt H~ ^t- 



Table 8.1. Isomorphism correspondences by Cremona transformations 
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Fi := X 4 Z + X 3 Z 2 X 2 lo + X 3 Z 2 Xuj + X 2 Y 2 Zlu + X 2 Y Z 2 X 2 uj + X 2 YZ 2 \uj + 
+X 2 Y Z 2 lo + X 2 Z 3 X 4 lo + X 2 Z 3 X 4 + X 2 Z 3 X 2 + X 2 Z 3 Xlo + X 2 Z 3 + 
+XY 2 Z 2 X 2 tu + XY 2 Z 2 Xtu + XY 2 Z 2 u + XYZ 3 lo + Y 3 Z 2 X 2 lo + 
+Y 3 Z 2 Xlu + Y 2 Z 3 X 4 lo + Y 2 Z 3 X 4 + Y 2 Z 3 X 2 + Y 2 Z 3 Xlo, 

F 2 := XY 3 ZX 2 lu + X 3 Z 2 X 2 + X 2 YZ 2 X + X 2 Z 3 X + XY 2 Z 2 X 2 +XYZ 3 + 
+X 2 Y 2 Z + X 2 Z 3 X 4 + Y 3 Z 2 X 4 + Y 2 Z 3 X 4 + Y 2 Z 3 X + X 2 YZ 2 X 4 + 
+X 3 Z 2 X + XY 2 Z 2 X + X 4 Y + XY 2 Z 2 + Y 3 Z 2 X + Y 2 Z 3 X 3 lo + 
+X 2 Z 3 X 5 lo + X 2 Z 3 X 3 u + Y 2 Z 3 X 5 lu + Y 2 Z 3 X 2 lo + Y 2 Z 3 Xlo + Y 2 Z 3 X 6 lo + 
+X 2 Y 3 lo + X 3 YZX 2 lu + X 2 Z 3 X 4 tu + X 2 YZ 2 Xlo + Y 3 Z 2 Xu + XY 2 Z 2 u + 
+X 2 Z 3 X 6 lo + XY 3 Zlu + Y 3 Z 2 X 4 to + XY 3 ZXlo + Y 2 Z 3 X 4 lo + X 3 YZXu + 
+X 2 Y 2 ZXu + X 2 Y 2 Zuj + X 2 Y 2 ZX 2 u + X 2 YZ 2 X 4 lo, 

F 3 := XY 3 ZX 2 u + X 2 YZ 2 X 2 lo + X 3 Y 2 lo + X 3 Z 2 + X 2 YZ 2 X + X 2 Z 3 X + 

+XYZ 3 + X 2 YZ 2 + X 2 Y 2 Z + X 2 Z 3 X 4 + Y 3 Z 2 X 2 + Y 2 Z 3 X 4 + Y 2 Z 3 X + 
+XY 2 Z 2 X 4 + X 3 Z 2 X 4 + X 3 Z 2 X + XY 2 Z 2 X + X 2 YZ 2 X 2 + XY 2 Z 2 + 
+Y 3 Z 2 X + Y 2 Z 3 X 3 lu + X 5 + X 2 Z 3 X 5 lo + X 2 Z 3 X 3 lo + Y 2 Z 3 X 5 lo + 
+X 2 Z 3 X 2 lo + Y 2 Z 3 Xlo + X 3 Z 2 X 4 lo + Y 2 Z 3 X a co + X 3 Y Zu + X 3 YZX 2 lo + 
+X 2 YZ 2 Xlu + Y 3 Z 2 Xlo + Y 3 Z 2 X 2 lo + XY 2 Z 2 lo + XYZ 3 u + X 2 Z 3 X 6 lj + 
+XY 3 ZXtu + XY 2 Z 2 X 4 lo + X 3 YZXu + X 3 Z 2 X 2 u + X 2 Y 2 ZXu + 
+XY 2 Z 2 X 2 u + X 2 Y 2 ZX 2 u. 

Table 8.2. Generators of H°(F 2 , j| (5)) 



map Vi -> H°(F 2 ,1^(5)) given by C i-> E X C is spanned by F\ and F 3 . Hence 
the image /3'(Ni) of the strict transform N x C S of N[ is [0,1,0]. In the same 
way, we calculate (3'(Ni) as in Table The set LW of collinear 5-tuples of the 
points in Z' = {q x , . . . , 921} and the set QW of 8-tuples of the points in Z' that are 
on a nonsingular conic curve are given in Table l8~^l where {1,3,5,11,17} means 
{lii Q3: 15: 9n i 917}; f° r example. Since \LW\ = 13 and \QW\ = 28, we see that the 
type T" of the target moduli curve is A. Let a be the following permutation: 

f 1 234567 89 10 11 
^ 13 16 2 6 21 4 18 17 3 7 12 

12 13 14 15 16 
1 8 9 11 15 

Then the map 

7' : V -> P 2 

defined by j'(Pi) — q^a) yields bijections from the set of linear words in Ca (see 
Table 14.1(1 to LW and from the set of quadratic words in (see Tables 14.41 
and 14. 5 \ to QW. Hence the map 7' is an element of Ga- We make the linear change 



17 18 19 20 21 \ 
14 20 5 19 10 J ' 
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= CT E ( 7A (P 2 )) = 


[0,l,w] 




92 


= CT E ( 7A (P 3 )) = 


[lu,\ 2 + 


cjA + l,A(A + w) ], 


93 


= CT E ( 7A (P 5 )) - 


[w,A 2 + 


lj\ + uj, (A + l)(A + w)], 


94 


= CT E ( 7A (P 7 )) = 


[oj,\ 2 + 


UJ\ + LU, (A + Ulf ], 


95 


= CT E ( 7A (P 8 )) - 


[w,(A + 


l) 2 ,A 2 +wA + l], 


96 


= CT E ( 7A (Pio)) = 


[w,(A4 


-Ljf,(\ + 1)(\+U>)}, 


97 


= CT E ( 7A (P n )) = 


[w,(A4 


-LJ)(\ + LU),\ 2 + X + Uj], 


98 


= CT E ( 7A (Pi 3 )) = 


[0,1,1 




99 


= CT E ( 7A (P 14 )) = 


[ w, A 2 - 


hu;A + l,(A + w) 2 ], 


9io 


= CT E ( 7A (P 15 )) = 


[lu,\ 2 ,\ 2 + uj\ + uj], 


9n 


= CT E ( 7A (P 16 )) = 


[w,(AH 


-0) 2 ,A(A + ^)], 


912 


= CT E ( 7A (P 17 )) = 


[oj,X(X 


+ ^),A 2 ], 


913 


= CT E ( 7A (Pi 8 )) = 


[0,0,1 




914 


= CT E ( 7A (P 19 )) = 


[ w, A 2 - 


hA + w,A(A + l) ], 


915 


= CT E ( 7A (P 21 )) = 




-1)(A + 0),(A + 1) 2 ]. 



916 


= PiNt) = 


[0,1,0], 




917 


= P\N 2 ) = 


[u,(X + Q)X, A 2 + <I>A-f 


w ]j 


918 


= f3'(N 3 ) = 


[w,(A + l)(A + w),A 2 4 


u>\ + 1 


919 


= P'(N 4 ) = 


[u>,\ 2 + \ + uj,\ 2 + \^ 




920 


= F{Ns) = 


[0,1, Q], 




921 


= P'(N 6 ) = 


[u;,A(A + l),(A + w)(A 


+ *)]. 



Table 8.3. Points g, 



of homogeneous coordinates of P 2 so that 
7'(-Pi 8 ) = 920 = [1,0,0], 

7 '(Pi 2 ) = 9i = [0,1,0], 7 '(Pi 3 ) =98 = [1,1,0], 

T'Cfto) = 919 = [0,0,1], 1 '(P 19 ) = q 5 = [1,0,1], 

hold (see that is, we multiply the matrix 

A 2 + A 1 Q 
A 2 + A + 1 uj 1 
uj\ + 1 

from the left to the vectors 7' (Pi) = 9o-(i)- Then we have 

l'(Pi) = 913 = [l,w,0]. 

Therefore the projective equivalence class [7'] S PGL(3, Jc)\Qa of 7' is contained 
in the connected component (PGL(3, k)\QA) + , because otherwise we would have 
7 '(Pi) = [1,0,0]. Since 

V(Pio) = 97= [0,1, A + w], 
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LW = {{1, 3, 5, 11, 17}, {4, 5, 6, 8, 12}, {1, 2, 6, 10, 18}, {2, 3, 8, 19, 21}, 

{1, 4, 9, 14, 21}, {8, 9, 10, 11, 15}, {6, 7, 11, 20, 21}, {1, 7, 12, 15, 19}, 
{3, 9, 12, 18, 20}, {1, 8, 13, 16, 20}, {7, 8, 14, 17, 18}, {5, 10, 14, 19, 20}, 
{2,4,15,17, 20}}. 

QW = {{2, 3, 4, 5, 9, 10, 13, 16}, {2, 3, 4, 7, 10, 11, 12, 14}, {2, 3, 5, 6, 7, 9, 14, 15}, 
{2, 4, 5, 7, 9, 11, 18, 19}, {3, 4, 5, 7, 10, 15, 18, 21}, {3, 4, 6, 7, 9, 10, 17, 19}, 
{2, 5, 6, 7, 13, 16, 17, 19}, {2, 3, 6, 11, 12, 13, 15, 16}, {3, 4, 6, 11, 14, 15, 18, 19}, 
{3, 5, 6, 13, 14, 16, 18, 21}, {2, 5, 7, 9, 10, 12, 17, 21}, {4, 6, 7, 10, 13, 14, 15, 16}, 
{3, 4, 7, 12, 13, 16, 17, 21}, {5, 7, 9, 11, 12, 13, 14, 16}, {2, 6, 9, 11, 12, 14, 17, 19}, 
{4, 6, 9, 11, 13, 16, 17, 18}, {2, 7, 9, 13, 15, 16, 18, 21}, {5, 6, 9, 15, 17, 18, 19, 21}, 
{3, 7, 10, 11, 13, 16, 18, 19}, {6, 9, 10, 12, 13, 16, 19, 21}, {3, 6, 10, 12, 14, 15, 17, 21}, 
{2, 5, 11, 12, 14, 15, 18, 21}, {4, 10, 11, 12, 17, 18, 19, 21}, {2, 10, 11, 13, 14, 16, 17, 21}, 
{4, 5, 11, 13, 15, 16, 19, 21}, {2, 4, 12, 13, 14, 16, 18, 19}, {5, 10, 12, 13, 15, 16, 17, 18}, 
{3,9,13, 14,15,16,17, 19}}. 

Table 8.4. Sets LW and QW 



the point [7'] corresponds to l/(A + w) under the isomorphism (PGL(3, k)\QA) + — 
A 1 \ {0, 1, uj, ui}. Substituting 1/(A + u)) for A in 

(A 2 + A + 1)3 
A A 2 (A + 1) 2 ' 

we see that the ./^-invariant of [7'] is equal to 

A 3 (A + l)3 
(A 2 + A + l) 2 - 

Eliminating A from J a and J' A , we obtain the defining equation 

1 + JaJ'a + JaJ'a + JaJ'a + J\J'a = 
of the isomorphism correspondence given by the Cremona transformation with the 
center c = {P u P A ,P 6 , Pg, P12, ^20}- 
Putting 



Da,a,x 


= {D3 = 


0}. 


Da,A,2 


= {Dl = 


0}. 


Db,ba 


:= {D5 = 


0}, 


Dc,c,i 


:= {D8 = 


0}, 




.= {D2 = 


0} = 


Db,a,i 


= ( {Z?6 = 


0}, 


Da,c,i 


= {D4 = 


0} = 


Dc,a,i 


= *{D7 = 


0}, 



we obtain Theorem 1 1.1 31 The composite D\ * D2 of correspondences 

Di = {Ji(Jt,Jt')=0} C WItxWIt' and 

D 2 = {/ 2 (Jt', J T ") = 0} C Wl T >x<m T » 

is obtained by eliminating the variable Jt> from /i(Jt, Jt>) — fi{JT' , Jt") = 0. 
Starting from the eight isomorphism correspondences above and making compos- 
ites, we obtain irreducible isomorphism correspondences listed in Table M~TI which 
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Da,a,i * Da,a,i 


= 


Aa + D A 


A,2 , 


D B,A,2 


* D A,C,2 


= 


D B ,C,1 + 


D B,C,2 , 


Da,A,1 * O aa -2 


= 


D A ,A,l + 


Da,A,2, 


D B,CA 


* D C,CA 


= 


D B,C,2> 




Da,A,2 * Da,A,1 


= 


D A ,A,1 + 


-Da, A, 2, 


D B,C,2 


* D C,CA 


= 


D B ,C,1 + 


D B,C,2 , 


D A,A,2 * D A,A,2 


= 


Ai+DA 


A,l + D A,A,2> 


D B,C,1 


* D C,B,1 


= 


As, 




D A,AA * D A,BA 


= 


D A,B,2 , 




D B,C,1 


* D C,B,2 


= 


D B,BA* 




D A,A,1 * D A,B,2 


= 


d a ,ba + 


D A,B,2> 


D B,C,2 


* D C,B,1 


= 


D Bl BA> 




D A,A,2 * D A,B,1 


= 


d a ,ba + 


D A,B,2> 


D B,C,2 


* D C,B,2 


= 


A B + D B ,B.l, 


Oa,A,2 * D A B 2 


= 


D A ,BA + 


Da,B,2, 


D B,C,1 


* D C,A,1 


= 


D B,A,1' 




D A,A,1 * D A,C,1 


= 


D A,C,2, 




D B,C,1 


* D C,A,2 


= 


D B,A,2> 




D A,AA * D A,C.2 


= 


D A ,C,1 + 


D A,C,2 , 


D B,C,2 


* C ,A,1 


= 


Ob.AA + 


D B,A,2 • 


Da,A,2 * D A c ,l 


= 


D A ,CA + 


D A,C,2 , 


D B,C,2 


* D C,A,2 


= 


Db.aa + 


Db,A,2 , 


Da,A,2 * D A c ,2 


= 


D A ,C,1 + 


D A,C,2 , 


D C,B,1 


* Db,ba 


= 


Dc,B,2, 




D B,BA * D B : B A 


= 


A B + D b 




D C,B,2 


* D B,BA 


= 


Oc.BA + 


D C,B,2 • 


D B,B,1 * D B.AA 


= 


o b ,aa + 


D B,A,2> 


D C,BA 


* D B,A,1 


= 


D C,AA> 




Db,B,1 * D B A 2 


= 


D B ,AA + 


Db,A,2, 


D C,BA 


* D B ,A,2 


= 


Dc,A,2, 




Db,ba * D b.CA 


= 


D B,C,2 , 




D C,B,2 


* D B,A,1 


= 


D C ,A,1 + 


D C,A,2 , 


D B,BA * D B,C,2 


= 


o B ,c,i + 


D B,C,2 > 


D C,B,2 


* n B,A,2 


= 


D C ,A,1 + 


D C,A,2 , 


D C,CA * D C,C,1 


= 


A C + D c 


Cli 


D C,B,1 


* D B,CA 


= 


A C , 




D C,C,1 * D C,BA 


= 


D C,B,2 , 




D C,B,1 


* D B,C,2 


= 


-Dc,C,l, 




D C,CA * D C,B,2 


= 


D C ,BA + 


D C,B,2 i 


D C,B,2 


* D B,C,1 


= 


D C,C,1' 




D C,CA * D C,A,1 


= 


Oc.AA + 


D C,A,2 i 


D C,B,2 


* D B,C,2 


= 


A c + Dc 


C,li 


D C,C,1 * D C,A,2 


= 


D C ,A,1 + 


D C,A,2, 


D C,A,1 


* -D^ ^ ! 


= 


D C,A,2, 




Da,ba * D B B i 


= 


Da.ba + 


Da,B,2, 


D C,A,1 


* Da,A,2 


= 


D C ,A,1 + 


D C,A,2 , 


D A,B,2 * D B,BA 


= 


D A ,B,1 + 


D i,B,2i 


D C,A,2 


* Oa,a,i 


= 


D C ,A,1 + 


D C,A,2 t 


D A,B,1 * D B.AA 


= 


Ai+DA 


A,2 . 


D C,A,2 


* D A,A,2 


= 


D C ,A,1 + 


D C,A,2 , 


D A: BA * D B A 2 


= 


D A ,AA + 


-Da, A, 2, 


D C,AA 


* Da,b,i 


= 


Oc.BA + 


D C,B,2 ) 


D A; B,2 * D B A i 


= 


D A ,A,1 + 


-Da, A, 2, 


D C,A,1 


* D A B 2 


= 


D C,B,2, 




D A,B,2 * D B A 2 


= 


&A+D A 


AA + D A,A,2> 


D C,A,2 


* D A,B,1 


= 


D C,B,2> 




D A,B,1 * D B,CA 


= 


D A,CA: 




D C,A,2 


* D A,B,2 


= 


Oc.BA + 


D C,B,2 • 


OA,B,\ * O b c ,2 


= 


D A ,CA + 


D A,C,2, 


D C,AA 


* D A,C,1 


= 


A c + D C 


C,l> 


Da,B,2 * O b c.\ 


= 


D A,C,2 , 




D C,AA 


* D A,C,2 


= 


D C,CA, 




D A,B,2 * D B,C,2 




o A ,c,i + 


D A,C,2, 


D C,A,2 


* D A,C,1 




D C,CA, 




D B,A,1 * D A,AA 




D B,A,2 ) 




D C,A,2 


* D A,C,2 




A c + D c 


C,l> 


Ob,AA * O aa 2 




D B ,AA + 


Db,A,2, 


D A,C,1 


* D C,CA 




Da.c.i + 


D A,C,2 , 


Db,A,2 * D A A i 




D B ,AA + 


Db,A,2, 


D A,C,2 


* D C,C,1 




D A ,C,1 + 


D A,C,2 , 


D B,A,2 * D A,A,2 




o b ,aa + 


D B,A,2> 


D A,C,1 


* D C,B,1 




D A,B,1' 




D B,AA * D A,BA 




A B + D b 


,B,1> 


D A,C,1 


* D CB,2 




Da.b.i + 


D A,B,2 • 


D B,A,1 * D AB 2 




^B,B,1. 




D A,C,2 


* D C,B,1 




Da,B,2, 




D B,A,2 * D A,BA 




D B,B,1, 




D A,C,2 


* D C,B,2 




Da.b.i + 


D A,B,2 , 


D B,A,2 * D A,B,2 




A B + D b 




D A,CA 


* D C,A,1 




Aa + D A 


A, 2, 


Db,A,1 * D A C A 




D B ,C,1 + 


D B,C,2 , 


D A,C,1 


* D C,A,2 




D A>A ,i + 


-Da, a, 2 , 


Db,A,\ * D A c ,2 




D B,C,2 , 




Da,C,2 


* D C ,A,1 




Da,aa + 


-Da, a, 2 , 


D B,A,2 * D A,CA 




D B,C,2 i 




D A,C,2 


* D C ,A,2 




Aa + D A 


A A + D A,A,2 



Table 8.5. Relations between non-trivial isomorphism correspondences 



have the relations in Table 1531 This table also shows that the isomorphism corre- 
spondences Aa, Ab, Ac and the ones in Table ITTI are closed under compositions 
of correspondences. 
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